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Overview

Goal: Free analog of “heat evolution is the gradient flow of entropy on the
Wasserstein space.” This is the larger context behind the question of χ
versus χ∗.

The correct definitions of entropy and Wasserstein distance need to take
into account something about the ambient algebra. Entropy in the
presence is the first example of this.

This motivated the development of model-theoretic free entropy [30],
where the test functions involve suprema and infima (answers to
optimization problems over auxiliary variables) in addition to the
non-commutative law (moments).
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Overview

Combination of techniques:

Evolution variational inequality / theory of gradient flow in general
metric spaces [40].

Noncommutative Wasserstein distance [4, 17] in model-theoretic
setting [31].

Free microstate entropy [49] in model-theoretic setting [30].

Noncommutative filtrations and stochastic optimization problems
[18, 19].

Interaction of continuous model theory with randomness [3, 20].
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Notation

Mn is the algebra of n × n complex matrices.

trn = (1/n) Trn is the normalized trace.

∥X∥2 = trn(X 2)1/2 is the normalized Hilbert-Schmidt norm.

⟨X ,Y ⟩2 = trn(X ∗Y ).

(Mn)sa is the subspace of self-adjoint matrices.

Lebesgue measure on (Mn)sa is defined through an isometric
transformation of (Mn)sa to Rn2 (i.e. by fixing an orthonormal basis).
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Non-commutative probability spaces

Definition

A tracial von Neumann algebra is a pair (M, τ) where M ⊆ B(H) is a
von Neumann algebras (closed under +, ·, ∗, and limits in weak operator
topology) and τ : M → C is a linear map satisfing

τ(1) = 1

τ(ab) = τ(ba) for all a, b ∈ A.

τ(a∗a) ≥ 0.

τ(a∗a) = 0 implies a = 0.

The elements of M represent “bounded random variables” that don’t
commute under multiplication.

Example 1: The matrix algebra (Mn, trn)

Example 2: M = L∞(Ω,P) and τ(f ) =
∫
f dP.
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Multi-matrix models

Let f be a non-commutative ∗-polynomial in m variables, and let
V (x) = Re tr(f (x)), which is defined for x in any tracial von Neumann

algebra, including Mn. Consider µ
(n)
V ∈ P(Mm

n ) given by

dµ
(n)
V (X) =

1

Z
(n)
V

e−n2V ()X dX,

and let X(n) = (X
(n)
1 , . . . ,X

(n)
m ) be a random variable in Mm

n with

distribution µ
(n)
V .

Goals:

When does trn(p(X(n))) converge almost surely for trace polynomials
p?

What kind of object describes the limit?

What is the large-n behavior of the entropy h(µV (n))?

What is the large-n behavior of the Wasserstein distance

dW (µ
(n)
V0
, µ

(n)
V1

)?
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Multi-matrix models

Biane–Speicher [6], Guionnet–Shlyakhtenko [23]: We can analyze the µ
(n)
V

as the large t limit distribution of a stochastic process satisfying

dX
(n)
t = dZ

(n)
t − 1

2
∇V (X

(n)
t ) dt,

where Z
(n)
t is a matrix Brownian motion. In the large-n limit the traces of

polynomials in Z
(n)
t converge to those of a free Brownian motion zt .

For convex V , the traces of polynomials in X(n) converge in the large-n
limit to some functional µV : C⟨x1, . . . , xm⟩ → C (a non-commutative
law).

µV (p) = τ(p(x)) for some tuple x in a tracial von Neumann algebra
(M, τ).
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Multi-matrix models

Guionnet–Shlyakhtenko [24] (also [11, 34]): The von Neumann algebra
W∗(x) is isomorphic to L(F2m), or it is isomorphic to the von Neumann
algebra of a free circular family z, and you can realize x as ∇φ(z) for some
convex φ.

This is an analog of classical results from optimal transport theory.

Dabrowski [10], J. [28]: Two different definitions of free entropy agree for
µV when V is convex.
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Wasserstein information geometry framework

One of my main goals is to study the relationship between entropy and
Wasserstein distance in the free setting. This is motivated by a lot of work
in the classical case that establishes a unified framework of the
Wasserstein manifold:

The points of P∞(Rd) are smooth positive probability measures (see
Lafferty [38]).

A tangent vector at µ is an equivalence class of C 1-paths in P∞(Rd)
through µ.

The Riemannian metric is as follows. Suppose φ and ψ : Rd → R are
smooth and consider the tangent vectors αt = (id +t∇φ)∗µ and
βt = (id +t∇ψ)∗µ. Then

⟨α̇0, β̇0⟩g = ⟨∇φ,∇ψ⟩L2(µ).
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Wasserstein information geometry framework

Theorem: The Riemannian distance on P∞(Rd) agrees with the
Wasserstein distance

dW (µ, ν) = inf{∥X − Y ∥L2 : X ∼ µ,Y ∼ ν}.

Theorem: Geodesics in P∞(Rd) have the form (id +t∇φ)∗µ where
φ is convex.

Theorem (special case of McCann [39]): Let h(µ) = −
∫
ρ log ρ.

If µt is a geodesic in P∞(Rd), then t 7→ h(µt) is concave.

Theorem (special case of Otto [41]): The gradient flow
µ̇t = grad h(µt) on P∞(Rd) agrees with the heat equation ρ̇t = ∆ρt
for the density ρt .

Inequalities such as the Talagrand inequality, log–Sobolev, etc. are
statements are convexity of h and curvature of P∞(Rd) (and for a
Riemannian manifold M, they relate closely to the curvature of M
itself).
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Evolution variational inequality

The evolution variational inequality is a description of gradient flow that
can be applied for abstract metric spaces.

Let φ be a real-valued function on (X , d) and g : X × [0,∞) → X a
family of trajectories. They satisfy EVI′′0 [40] if

1

2
[d(g(x , t), y)2 − d(g(x , s), y)2] ≤ (t − s)(φ(g(x , t)) − φ(y)) for s ≤ t.

(sign convention here: upward gradient flow of concave function).

Motivating example: Suppose that X = Rm and φ is differentiable and
∂tg(x , t) exists. Then EVI implies that φ is concave and
∂tg(x , t) = ∇φ(g(x , t)).
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Evolution variational inequality

Motivating example: Suppose that X = Rm and φ is differentiable and
∂tg(x , t) exists.

1

2
[d(g(x , t + ε), y)2 − d(g(x , t), y)2] ≤ ε(φ(g(x , t + ε)) − φ(y))〈

g(x , t + ε) − g(x , t)

ε
,
g(x , t + ε) + g(x , t)

2
− y

〉
≤ φ(g(x , t + ε)) − φ(y)

⟨∂tg(x , t), g(x , t) − y⟩ ≤ φ(g(x , t)) − φ(y),

or
φ(y) ≤ φ(g(x , t)) + ⟨∂tg(x , t), y − g(x , t)⟩.

So ∂tg(x , t) is a supergradient vector for φ at g(x , t).

General theory of Daneri, Muratori, and Savaré [12, 40] shows that EVI
implies something like geodesic concavity (convexity in their sign
convention).
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Summary of setup

The goal of this work is to define a framework for free entropy that has
the correct properties of Wasserstein geometry.

To achieve this, we must expand our class of test functions beyond the
traces of non-commutative polynomials.

We consider a class of test functions that is closed under taking suprema
or infima with respect to some of the variables over the unit ball, as well
as closed under substituting a free Brownian motion zt (see next slide).

These are called chronological formulas because of the role of the time
parameter for the filtration / Brownian motion.
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Chronological formulas

Suppose we are given a filtration of von Neumann algebras M = (Mt)t≥0

where Ms ⊆ Mt for s ≤ t and an associated free Brownian motion
zt = (zt,j)

m
j=1 such that

The real and imaginary parts of zt are free semicircular operators.

zt ∈ Mm
t .

The increment zt − zs is free from Ms for s ≤ t.

Definition by example: A chronological formula is some expression like

φM(x1, . . . , xm)

= sup
y1∈B1(Mt1 )

inf
y2∈B1(Mt2 )

Re trM(p(x1, . . . , xm, y1, y2, zs1 , . . . , zsm)),

where t1 ≤ t2. There can be an arbitrary number of sup and inf’s but the
associated time parameters have to be in chronological order!
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Setup

We have a space F0
chron,m of chronological formulas.

The chronological type of x is the map F0
chron,m → R given by

φM 7→ φ(x).

For practical purposes, assume that x is chosen from Qm
0 , where

Q = (Qt)t≥0 is a filtration constructed from an ultraproduct of the
matrix algebras (explained more later).

Space of chronological types S(TU ) associated to each ultrafilter U
on N.

The Wasserstein distance dW (µ, ν) is the minimal distance ∥x− y∥2
where tpchron(x) = µ and tpchron(y) = ν. We call (x, y) an optimal
coupling of (µ, ν) if it achieves the infimum.

We have a version of Voiculescu’s free entropy for chronological
types, χU

chron(µ) for µ ∈ S(TU ) (described more precisely later).
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Main results

Theorem (Geodesic concavity) [33]

Let t 7→ µt be a geodesic with respect to dW . More explicitly, suppose x
and y have types µ0 and µ1 with ∥x− y∥2 = dW (µ0, µ1), and let µt be
the chronological type of (1 − t)x + ty. Then t 7→ χU

chron(µt) is concave.

Theorem (Evolution Variational Inequality) [33]

Let µ, σ ∈ S(TU ). Let µt be the heat evolution of µ; namely, µt is the
chronological type of x + zt where x has type µ and zt is a
non-commutative Brownian motion. Then we have the EVI

1

2

[
dW (µt , σ)2 − dW (µs , σ)2

]
≤ (t − s)(χU

chron(µt) − χU
chron(σ))

for 0 ≤ s ≤ t <∞.
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Auxiliary results

To discuss the proof, we need to relate the chronological types and
entropy and Wasserstein distance, with the corresponding
finite-dimensional matrix models.

Each chronological formula φ ∈ F0
chron,m has an associated sequence

of functions Λ
(n)
φ : Mm

n → R.

Given µ ∈ Schron(TU ), a sequence of random matrix tuples X(n) is
said to be a sequence of matrix models for µ if

lim
n→U

Λ(n)
φ (X(n)) = (µ, φ)

for all φ ∈ F0
chron,m.
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Auxiliary results

We have the following characterization of χU
chron as the largest possible

limit of normalized classical entropy of matrix models for µ.

This can be taken as the definition of χU
chron for purposes of this talk.

Proposition (classical-to-free variational principle); see [35]

For a matrix model X(n), let h(n)(X(n)) = n−2h(X(n)) + 2m log n. If X(n) is
a matrix model for µ satisfying reasonable tail bounds on P(∥X(n)∥ ≥ R)
and µ(n) = law(X(n)), then

χU
chron(µ) ≥ lim

n→U
h(n)(µ(n)).

Moreover, there exist matrix models for µ that achieve equality.
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Auxiliary results

Theorem (Extension of matrix models for optimal couplings) [32, 33]

Fix types µ and ν. Let (x, y) be a pair of m-tuples which form an optimal
coupling of chronological types µ and ν. Let X(n) be a sequence of matrix
models for µ. Then there exists a sequence of matrix models Y(n) for ν
such that

∥X(n) −Y(n)∥L2 is equal to the classical Wasserstein distance between
law(X(n)) and law(Y(n)).

(X(n),Y(n)) is a sequence of matrix models for the joint chronological
type of (x, y).
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Summary of objects and finite-dimensional analogs

chron. type setting random matrix setting

m-tuple x from Qm
0 random matrix m-tuple X(n)

chron. type µ ∈ Schron,m(TU ) probability dist. ν(n) ∈ P(Mm
n )

free entropy χU
chron normalized entropy h(n)

logical Wasserstein dist. dW classical Wasserstein dist. dW ,class

chron. formula φ f.d. approx. Λ
(n)
φ : Mm

n → R.
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Proof of EVI

By the semigroup property of the heat semigroup, assume WLOG that the
earlier time s = 0.

Fix chronological types µ and σ. By the classical-to-free variational
principle, fix matrix models Y(n) such that

lim
n→U

h(n)(σ(n)) = χU
chron(σ).

Let σ(n) ∈ P(Mm
n ) be its probability distribution. By the optimal coupling

extension theorem, fix matrix models X(n) for µ such that

lim
n→U

dW ,class(µ
(n), σ(n)) = dW (µ, σ),

where µ(n) is the law of X(n).
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Proof of EVI

Let Z
(n)
t be a matrix Brownian motion independent of X(n). Then

X(n) + Z
(n)
t is a sequence of matrix models for µt (the heat semigroup will

be defined so that this is true). Then

lim
n→U

h(n)(µ
(n)
t ) ≤ χU

chron(µt).

and
lim
n→U

dW ,class(µ
(n)
t , σ(n)) ≥ dW (µt , σ).
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Proof of EVI

Apply the classical EVI:

1

2

[
dW ,class(µ

(n)
t , σ(n))2 − dW ,class(µ

(n)
0 , σ(n))2

]
≤ t

[
h(n)(µ

(n)
t ) − h(n)(σ(n))

]
.

Then using each of the equalities and inequalities above, take the limit as
n → U . We then obtain

1

2

[
dW (µt , σ)2 − dW (µ0, σ)2

]
≤ t(χU

chron(µt) − χU
chron(σ)),

which proves the EVI for χU
chron.

Remark: The fact that the formulas involve the filtration and Brownian
motion is used here in order for the chron. type of x + zt to be determined
from the chron. type of x.
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Monge–Kantorovich duality

Next, I will go into the proof of the Extension Theorem. To make this
work, we need non-commutative optimal transport theory.

Theorem (MK duality for chronological types) [31, 33]

Let µ, ν ∈ Schron,m(TU ). Then there exists chron. definable predicates φ,
ψ (chron. definable predicates are the completion of the space of chron.
formulas) such that

φM and ψM are convex functions for all M.

φM(x) + ψM(y) ≥ Re⟨x, y⟩2 for all M, x, y.

Equality is achieved when (x, y) is an optimal coupling of (µ, ν).

Remark: The proof of this is not too hard. However, it really requires the
ability to take partial suprema and infima of formulas. The näıve analog
for plain NC laws is false (but this can be studied with a larger class of
convex functions [17]).
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Proof of Extension Theorem (with some lies)

Fix µ and ν and let φ and ψ be as in the MK duality. Suppose µ and ν
are types of elements with operator norm ≤ R.

Construct appropriate f.d. approx. Λ
(n)
φ and Λ

(n)
ψ , which can be chosen to

be convex.

Let F (n) : Mm
n → Mm

n be a Borel function which for each X selects a
maximizer Y = F (n)(X) of

Re⟨X,Y⟩2 − Λ
(n)
ψ (Y) over ∥Y∥ ≤ R,

which can be done by the Kuratowski–Ryll-Nardzewski selection theorem.

Given a random matrix model X(n) for µ, let Y(n) = F (n)(X(n)).
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Problems in the näıve framework

In the usual setting of free probability, we don’t work with model-theoretic
formulas and types, but simply with non-commutative laws, or tracial
states on the polynomial algebra C∗⟨x1, . . . , xm⟩.

Biane and Voiculescu’s Wasserstein distance [4] considers pairs (x, y) from
any tracial von Neumann algebra (M is allowed to vary).

Free entropy in this case can also be characterized using the limits of
classical entropy of random matrix models such that the traces of
non-commutative polynomials converge in probability to prescribed law
[35].
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Problems in the näıve framework

Proposition [32]

There exist some NC laws µ and ν such that there do not exist random
matrix models X(n) and Y(n) such that

tr(f (X(n))) → µ(f ) and tr(f (Y(n))) → ν(f ) for NC polynomials f .

h(n)(Y(n)) → χ(Y).

∥X(n) − Y(n)∥L2 converges to the (Connes-embeddable) Wasserstein
distance of µ and ν.

As we’ll see from the argument, the issue is more fundamental than merely
about finite-dimensional approximations; the contradiction arises simply
from the behavior of entropy under conditioning and change of variables.

In this discussion, we assume the tuples are self-adjoint.
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Problems in the näıve framework

S1 and S2 are freely independent semicirculars.

S3 is a semicircular in tensor position with S1 and S2.
Group theorists: Think F2 × Z.
S ′
1, S ′

2, and S ′
3 are free semcirculars, free from S1, S2, and S3.

Group theorists: Think (F2 × Z) ∗ F3
Xj = (1 − ε)1/2Sj + ε1/2S ′

j for j = 1, 2, 3.

Y = (S ′
1, S

′
2, εS

′
3).

µ and ν are NC laws of X and Y.

χ(ν) = (3/2) log 2πe + (1/2) log ε.

1 − ε ≤ dW (µ, ν) ≤ 1 − ε3/2. The upper bound is found by finding a
coupling where (X1,X2) = (Y1,Y2).
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Problems in the näıve framework

Main idea: This coupling for X and Y is badly behaved because X3

almost commutes with Y1 and Y2, but models for Y with high entropy
should not allow anything to approximately commute with Y1 and Y2.

Suppose we have matrix models X(n) and Y(n). We give an upper bound

on h(n)(Y
(n)
1 ,Y

(n)
2 | X(n)

3 ) showing that it is “too small.”

By a standard bound for entropy in terms of variance,

h(n)(i [Y
(n)
1 ,X

(n)
3 ], i [Y

(n)
2 ,X

(n)
3 ] | X (n)

3 ) ≤ 1

2

2∑
j=1

log∥[Y
(n)
j ,X

(n)
3 ]∥2L2+log(2πe)
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Problems in the näıve framework

We use the change of variables formula for entropy:

h(n)(i [Y
(n)
1 ,X

(n)
3 ], i [Y

(n)
2 ,X

(n)
3 ] | X(n)

3 )

= h(n)(Y
(n)
1 ,Y

(n)
2 | X (n)

3 ) + 2 log det |X (n)
3 ⊗ 1 − 1 ⊗ X

(n)
3 |.

Since X
(n)
3 approximates a semicircular,

log det |X (n)
3 ⊗ 1 − 1 ⊗ X

(n)
3 | ≈

∫
log |s − t| dσ(s) dσ(t) ≈ constant,

where σ is the semicircular measure. This is the same as the free entropy
of a single semicircular.
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Problems in the näıve framework

Thus, the upper bound on the entropy of i [Y
(n)
j ,X

(n)
3 ] leads to an upper

bound on the entropy of Y
(n)
j .

We also use that for j = 1, 2, we have

∥[Y
(n)
j ,X

(n)
3 ]∥2 ≤ ∥[X

(n)
j ,X

(n)
3 ]∥2 + C∥X (n)

j − Y
(n)
j ∥2

≤ Cε1/2 + C∥X (n)
j − Y

(n)
j ∥2.

After this, we apply the chain rule for conditioning
h(A,B) = h(A | B) + h(B) several times and estimate everything carefully
. . .

Overall, if ∥X (n)
j − Y

(n)
j ∥L2 is small enough to get close to the theoretical

Wasserstein distance, we get an upper bound on h(n)(Y(n)).
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Problems in the näıve framework

Conclusion: Allowing couplings of non-commutative laws in arbitrary
ways is simply wrong; it gives too small of a Wasserstein distance. We
need to incorporate some information about how x and y sit inside the
larger von Neumann algebra (using formulas with sup and inf).

Remark: This example also implies that the MK duality cannot hold for
non-commutative laws in the näıve way, because otherwise, the proof of
the Extension Theorem would work for non-commutative laws, causing a
contradiction.

David Jekel Free information geometry POAS, 2026-06-01



Chronological formulas and entropy: Motivation

In order to evaluate the entropy of random matrix models / large
deviations rate function, we need to consider matrix integrals like the ones
below; compare [5] and [19, §6].

Proposition (Corollary of Borell or Boué-Dupuis)

Let Z
(n)
t be a normalized Brownian motion on Mm

n and f a real-valued
trace polynomial in resolvents of xj (for instance). Then

− 1

n2
log

1

C (n)

∫
Mm

n

e−n2( 1
2
∥x∥22+f (x)) dx

= inf E
[

1

2

∫ 1

0
∥αt∥22 dt + f

(
Z
(n)
1 +

∫ 1

0
αt dt

)]
where C (n) is the normalizing constant for the Gaussian measure and αt

ranges over control processes in Mm
n .
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Chronological formulas and entropy: motivation

Question: What is the large-n limit of the stochastic optimum, especially
without assuming convexity of f ?

Construction (Gangbo–J.–Nam–Palmer [18])

Let f be a trace polynomial, or more generally, a formula. Let M be a
tracial von Neumann algebra, (Mt)t∈[0,∞) a filtration, and compatible zt
m-variable free Brownian motion. Consider

u(x) = inf
α

[
1

2

∫ 1

0
∥αt∥2 dt + f

(
z1 +

∫ 1

0
αt dt

)]
,

where x ∈ Mm
0 and where α ranges over measurable maps [0, 1] → L2(M)

such that α(t) ∈ L2(Mt) for all t.

This is clearly an analog of the finite-dimensional problem, but which
filtration and Brownian motion should we use?

David Jekel Free information geometry POAS, 2026-06-01



Which filtration?

Which filtration and Brownian motion should we use?

Largest candidate filtration [18]: We consider all possible choices of
filtration and Brownian motion, in any larger von Neumann algebra
containing x. This will make the infimum as small as possible.

Smallest candidate filtration: Fix M0 generated by x. Let Mt be the
von Neumann algebra generated by x and the free Brownian motion up to
time t.

If f is E -convex as defined in [17], these give the same answer. In general
they do not, e.g. because of non-Connes-embeddable algebras.

Remark: This gives some indication of why the question of χ = χ∗ is
easier for matrix models associated to a convex potential [10, 28].
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Which filtration?

The work of Gao–J. [20] allows construction of a filtration as an
ultraproduct of the random matrix models. Let Ft be a classical filtration

on (Ω,F ,P), associated with a matrix Brownian motion Z
(n)
t . Let

M =
∏
n→U

L∞(Ω,F ,P) ⊗Mn

Mt =
∏
n→U

L∞(Ω,Ft ,P) ⊗Mn

zt = [Z
(n)
t ]n∈N.

Let π : M → Q be a quotient by a maximal ideal, and let Qt = π(Mt).
Thus, Q will have trivial center.

Claim: Qt and π(zt) are a useful choice of filtration and Brownian motion.
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Which filtration?

Theorem (essentially Gao–J. [20])

Qt is a II1 factor (trivial center).

Qt is elementarily equivalent to
∏

n→U Mn

(hence under continuum hypothesis they are isomorphic).

(π(zt))t∈[0,∞) is a free Brownian motion compatible with (Qt)t∈[0,∞).

Idea: In random matrix theory, we often use concentration of measure to
obtain almost sure convergence. We could thus fix ω ∈ Ω such that

[Z
(n)
t (ω)]n∈N is a free Brownian motion in

∏
n→U Mn, but it is unclear

what the filtration should be . . .

Instead, in this construction, we take first take the ultraproduct and then
derandomize by taking the quotient.
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Stochastic optimization and chronological formulas

We approximate the optimization problem

inf
α

[
1

2

∫ 1

0
∥αt∥22 dt + f

(
z1 +

∫ 1

0
αt dt

)]
with a discretized version for k ∈ N and R > 0:

inf
β1∈BR(M0/k )

. . . inf
βk∈BR(M(k−1)/k )

 1

2k

k∑
j=1

∥βj∥22 + f

z1 +
1

k

k∑
j=1

βj

 .
The latter is a chronological formula! We can also make uniform estimates
on how close the value is to the continuous-time and R = ∞ problem if
we assume that f is ∥·∥1-Lipschitz.

Idea: Chronological formulas contain enough information to evaluate the
entropy, so using them as test functions produces a better behaved theory.
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F.d. approximations of chronological formulas

For convenience, we consider restricted chronological formulas, which are
actually formulas in the resolvents (Re(xj) + i)−1 and (Im(xj) + i)−1, in
order to produce functions that are globally Lipschitz with respect to ∥·∥1.

Proposition [33]

For every φ ∈ F0
chron with free variables among x1, . . . , xm, and for every

n ∈ N, there exists Λ
(n)
φ : Mm

n → R bounded and ∥·∥1-Lipschitz such that

φQ(x1, . . . , xm) = π([Λ(n)
φ (X

(n)
1 , . . . ,X

(n)
m )]n∈N),

where

xj = [X
(n)
j ]n∈N ∈ M0, [Λ(n)

φ (X
(n)
1 , . . . ,X

(n)
m )]n∈N ∈ Z (M0).

Λ
(n)
φ are chosen independently of U , π, and (Gt)t≥0.
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F.d. approximations of chronological formulas

In a moment, I’ll describe the construction of Λφ. I need the following
notation:

If M = (Mt)t≥0 is any filtration, then the shifted filtration is
St0M = (Mt+t0)t≥0.

If φ is a chronological formula, then the shifted formula St0φ is given by
shifting all the time indices to the right by t0, which leads to

(Stφ)M(x) = φStM(x).

In the shift, we replace zt by zt0+t − zt0 .
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F.d. approximations of chronological formulas

The f.d. approximations are constructed in the way you might expect,
following the recursive construction of formulas with variables in M0:

If φ is a basic formula (i.e. a trace of a polynomial in (Re(xj) + i)−1

and (Im(xj) + i)−1), then Λ
(n)
φ = φMn .

Suppose that φ(x) = supy∈BR(M0) ψ(x, y). Then

Λ(n)
φ (X) = sup

Y∈BR(Mn)
Λ
(n)
ψ (X,Y).

Suppose that φ = F (φ1, . . . , φk) where F is a continuous connective.
Then

Λ(n)
φ = F (Λ(n)

φ1
, . . . ,Λ(n)

φk
).

Suppose that φ(x) = (Stψ)(x, zt). Then

Λ(n)
φ (X) = EΛ

(n)
ψ (X,Z

(n)
t ).
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F.d. approximations of chronological formulas

Remarks:

The functions Λ
(n)
φ : Mm

n → R are deterministic, despite the fact that
the formulas φ are defined in terms of a filtration.

In the last item, we need to use concentration of measure to show
that EΛ

(n)
ψ (X,Z

(n)
t ) is close to its expectation with high probability.

This is what allows the reduction to deterministic Λ
(n)
φ ’s.

In order to apply the concentration argument, it is essential that the
formulas can be generated by the operations above, which is only
possible because the quantifiers are assumed to occur in chronological
order.

The choice of Λ
(n)
φ is somewhat non-unique since the continuous

connectives and the substitution of Brownian motion can be done in
different orders, but asymptotically it is unique.
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Definition of entropy

Let Λ
(n)
φ be as above. Let x be a tuple from Q0 for some filtration Q (for

instance, this could be the matrix quotient filtration above).

Definition [33]

Let Φ be a finite subset of F0
chron,m and ε > 0. Define

Γ(n)(x; Φ, ε) :=

{
X ∈ Mm

n : max
φ∈Φ

|Λ(n)
φ (X) − φQ(x)| < ε

}
.

Let σ(n) ∈ P(Mm
n ) be the Ginibre Gaussian distribution. Define

χ̃U
chron(x; Φ, ε) := lim

n→U
− 1

n2
log σ(n)(Γ(n)(x; Φ, ε))

and
χ̃U
chron(x) = sup

Φ,ε
χ̃U (x; Φ, ε)
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Entropy and pressure

For φ ∈ F0
chron,m, let

P(n)(φ) := − 1

n2
log

1

C (n)

∫
Mm

n

e−n2( 1
2
∥X∥22+Λ

(n)
φ (X)) dX

= inf
α
E
[

1

2

∫ 1

0
∥αt∥22 dt + Λ(n)

φ

(
Z
(n)
1 +

∫ 1

0
αt dt

)]
.

Let

PU (φ) = inf
α

[
1

2

∫ 1

0
∥αt∥22 dt + φQ

(
z1 +

∫ 1

0
αt dt

)]
.
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Entropy and pressure

Theorem [33]

(1) We have limn→U P(n)(φ) = PU (φ).

(2) For a tuple x in Q0 for a filtration Q, we have

χ̃U
chron(x) = sup

φ∈F0
chron,m

[
P(φ) − φQ(x)

]
.

Item (1) is proved using the discrete approximation for the stochastic

optimization problem, together with all the development of Λ
(n)
φ and the

matrix ultraproduct filtration.

Item (2) is proved by standard methods in large deviations. Compare
Hiai’s work on free pressure [26].
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Conditional entropy

This entropy can be generalized to a conditional setting. Fix an
m + m′-tuple (x, y). Fix deterministic matrix approximations Y(n) for y.

Definition [33]

Let Φ be a finite subset of F0
chron,m+m′ and ε > 0. Define

Γ(n)(x | Y(n) ⇝ y; Φ, ε) :=

{
X ∈ Mm

n : max
φ∈Φ

|Λ(n)
φ (X,Y(n)) − φQ(x, y)| < ε

}
.

Let σ(n) ∈ P(Mm
n ) be the Ginibre Gaussian distribution. Define

χ̃U
chron(x | Y(n) ⇝ y; Φ, ε) := lim

n→U
− 1

n2
log σ(n)(Γ(n)(x | Y(n) ⇝ y; Φ, ε))

and
χ̃U
chron(x | Y(n) ⇝ y) = sup

Φ,ε
χ̃U (x; Φ, ε)
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Conditional entropy

In the conditional setting, we end up with pressure functionals that depend
on y, namely

P(n)(φ)(Y(n)), PU (φ)(y).

Since the pressure is given by a stochastic optimization problem which is a
uniform limit of chronological formulas, we have that
P(n)(φ)(Y(n)) → PU (φ)(y).

Theorem [33]

χ̃U
chron(x | Y(n) ⇝ y) is independent of the particular choice of matrix

approximations Y(n).

Remark: We cannot expect this to be true for plain free entropy if W∗(y)
is not amenable, since there can be embeddings with different behaviors.
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Conditional entropy

Because of the independence of the choice of matrix approximations, and
the expression in terms of pressure, we obtain an actual chain rule for
entropy and not just an inequality as in [45].

Theorem [33]

χ̃U
chron(x, y | w) = χ̃U

chron(x | y,w) + χ̃U
chron(y | w).

Idea: Chronological formulas contain enough information to evaluate the
entropy, so using them as test functions produces a better behaved theory.
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Question: Does entropy depend on the ultrafilter?

We do not know whether the values of simple sentences in Mn converge as
n → ∞. For example, if f is a trace polynomial and

φ(n) = sup
X∈B1(Mn)

inf
Y∈B1(Mn)

Re trn(f (X ,Y )),

then we do not know if limn→∞ φ(n) exists.

In the analogous situation for permutation groups equipped with the
Hamming distance, the limit does not exist [1]!

Peterson’s work [43] implies that for some f , the limit limn→U φ
(n)

does not agree with the corresponding variational formula in the free
group von Neumann algebra L(Fm).

For GUE matrices to satisfy a large deviations principle as n → ∞ is
equivalent to the pressure PU (φ) being independent of the ultrafilter for
all quantifier-free formulas φ.
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Question: Is there a non-microstates approach?

This talk has focused on developing a theory that accurately describes the
large-n behavior of entropy and Wasserstein distance for random matrix
models, which is extremely difficult and subtle.

The weakness of the microstate framework is that it is largely unhelpful for
studying non-Connes-embeddable von Neumann algebras.

The stochastic optimization framework does provide some hope of defining
non-microstate versions, since it only requires a filtration and Brownian
motion as input.

Problem: Define an entropy-like expression in terms of stochastic
optimization problems, which also satisfies a change-of-variables formula.
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