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Preface

Historical Background

Non-commutative probability studies random variables which do not commute with each other.
While classical probability takes measure theory as its foundation, non-commutative probability
is formulated in terms of an algebra B of operators on a Hilbert space. The expectation is
replaced by a state, a type of linear map F : B — C.

In the non-commutative world, there are several types of independence. Free independence
was discovered first in the 1980’s and 1990’s in the work of Dan Voiculescu. Free probability
provided a surprising link between von Neumann algebras and random matrix theory. There is
also a striking analogy between free probability and classical probability, including free versions
of conditional expectations, the central limit theorem, non-commutative derivatives, a free
Stein’s method, free entropy, free Lévy processes.

The role of the Fourier transform in manipulating the laws of random variables was played
by certain complex-analytic functions related to the Cauchy-Stieltjes transform of a measure.
In particular, the R-transform of a law g is an analytic function near the origin which is
additive when we add freely independent random variables. The power series coefficients of the
R-transform are known as free cumulants, and the moments and cumulants of a law are related
by a combinatorial formula involving non-crossing partitions, due to Roland Speicher.

Later, several other types of independence were discovered, notably Boolean and mono-
tone independence (as well as its mirror image, anti-monotone independence). Many of the
tools and results from free probability had Boolean and monotone analogues, including ana-
lytic transforms, moment-cumulant formulas, the central limit theorem, processes with inde-
pendent increments. In particular, there is a bijection between Levy processes for classical,
free, Boolean, monotone, and anti-monotone independence, due to Bercovici and Pata in the
free/classical/Boolean case.

Operator-valued non-commutative probability is a further generalization of non-commutative
probability, in which the expectation is not scalar-valued, but rather takes values in a C*-algebra
A. One of the main motivations was that if A is a subalgebra of a tracial von Neumann al-
gebra (B, 7), then there is a conditional expectation B — A, which can be thought of as an
A-valued expectation and has many of the same properties as the scalar-valued expectation
7. Furthermore, conditional independence can be thought of simply as an A-valued version of
independence.

Thus, in the operator-valued theory we take the additional complexity of conditioning and
remove it at the cost of enlarging the algebra of scalars. Many other types of complexity can
be absorbed into the algebra A in this way. For example, the law of a tuple Xy, ..., X, over
A can be represented as the M, (A)-valued law of the diagonal matrix X; & --- @ X,,. A non-
commutative polynomial over A can be reprsented as a monomial over M, (A). The resolvent
of a polynomial in X7, ..., X,, can be represented as the corner of a matrix-valued resolvent

iii
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Motivated by these examples, mathematicians began to develop operator-valued non-commutative

probability along the same lines as scalar-valued non-commutative probability. They adapted

each type of independence to the operator-valued setting as well as analytic transforms, cumu-

lants, the central limit theorem, and Levy processes. A crucial difference is that in the A-valued

setting, the notions of positivity for laws and analyticity for the various transforms associated

to a law need to take into account matrix amplification. This means, roughly speaking, that

anything we write down should make sense in M,,(A) just as well as it does in A.

X)~! where z is scalar matrix and X is a matrix with entries that are affine in X, ...,

—~

Scope and Approach

These notes will study the mathematical theory of operator-valued non-commutative prob-
ability. We will focus on the properties of independent random variables for four types of
independence (free, Boolean, monotone, and anti-monotone). The end goals are the central
limit theorem and the theory of processes with independent increments (including a general-
ized Bercovici-Pata bijection). We reach these goals using primarily three tools:

1. Construction of A-valued Hilbert spaces on which the random variables act.
2. Analytic transforms associated to an A-valued law.
3. Combinatorial formulas for moments.

Unlike a journal article that presents new results, notes have the ability to be self-contained
and systematic. With the benefit of hindsight, we can distill the results of many articles into
a unified framework, establish consistent notation, and optimize the proofs of fundamental
results.

For example, here we will develop the analogy between the four types of independence
systematically, proving results about all four types in parallel. This has not been done in a
journal article due to length limitations and because the four types of independence studied
here were discovered (and adapted to the operator-valued setting) at different times.

Moreover, a good analytic characterization of operator-valued Cauchy-Stieltjes transforms
was not available until 2013 (due to Williams). This means that many of the papers that
initially developed operator-valued independence did not have this result available at the time
of writing, and thus they had to rely less on analytic tools. But now, using the newer analytic
theory, we can offer a cleaner presentation of some of the older results.

In writing a self-contained exposition, it is necessary to restrict the scope. We have chosen to
leave out other notions of independence (including classical independence) in favor of a stronger
analogy between the four types included. Moreover, we will not explore the connections with
physics or random matrix theory. And, apart from the introduction and exercises, we will work
in the abstract setting of operator-valued probability, without much reference to the specific
examples which motivated the theory. Rather, our emphasis will be on the analogies with
classical probability theory and complex analysis.
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Chapter 1

Setup of the A-Valued Theory

1.1 Background on (C*-algebras
As background, we recall some fundamentals of the theory of C*-algebras. We do not give proofs

for many of the statements. We refer to Blackadar [Bla06, Chapter II] for an encyclopedic list
of results, proof sketches, and references.

C*-algebras and *-homomorphisms

Definition 1.1.1. A x-algebra over C is an algebra over C together with a map a — a* such
that (a*)* = a, the x operation is conjugate-linear, and (ab)* = b*a*. If A and B are x-algebras,
then a *-homomorphism p : A — B is a homomorphism such that p(a*) = p(a)*.

Definition 1.1.2. A (unital) C*-algebra is a unital *-algebra A4 over C together with a norm
||| such that

1. (A, ||]]) is a Banach space.

2. [lab]| < [lalll|o]].

3. [la*all = lla|l*.
Theorem 1.1.3. Let H be a Hilbert space. If A is a subalgebra of B(H) which is closed
under adjoints and closed in operator norm, then A is a C*-algebra, where the x-operation is
the adjoint and the norm is the operator norm. Conversely, every C*-algebra is isometrically
x-isomorphic to such a C*-algebra of operators on a Hilbert space.
Proposition 1.1.4. Suppose that A and B are C*-algebras.

1. If p: A — B is a x-homomorphism, then ||p(a)| < |la|| for every a € A.

2. If p: A — B is an injective x-homomorphism, then ||p(a)|| = ||a|| for every a € A.

3. If A is a C*-algebra, then there is only one norm on A which satisfies the C*-algebra
conditions.
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Positivity and States

Definition 1.1.5. An element a of a C*-algebra A is said to be positive if a can be written
as z*x for some x € A. We also write this condition as a > 0. Furthermore, we write a > b if
a—b>0.

Definition 1.1.6. A linear functional ¢ € A* is positive if a > 0 implies ¢(a) > 0.

Definition 1.1.7. A state on a C*-algebra A is a positive linear functional with ¢(1) = 1. We
denote the set of states by S(.A).

Proposition 1.1.8. Let A be a C*-algebra.

1. Suppose that A is a C*-algebra acting on a Hilbert space H. An element a € A is positive
if and only if a is a positive operator on H.

2. If ¢ is a positive linear functional, then |||
15 1.

A+ = |6(1)|. In particular, the norm of a state

3. If a € A is self-adjoint, then
lall = sup [$(a)l.

PES(A)
4. If a € A, then a is self-adjoint if and only if ¢(a) is real for every state ¢.

5. Ifa € A, then we have a > 0 if and only if ¢(a) > 0 for every state ¢.

The GNS Construction

Given a state ¢ on a C*-algebra A, one can define a sesquilinear form on A by (a, b}y = ¢(a*d).
This form is nonnegative definite, and hence it satisfies the Cauchy-Schwarz inequality. If
Kg = {a : ¢(a*a) = 0}, then the completion of H /K, with respect to |la|ls = ¢(a*a)'/? is a
Hilbert space, which we denote by L?(A, ¢).

Moreover, every a € A defines a bounded operator on L?(A,¢) by left multiplication.
Indeed, because a — ¢(b*ab) is a positive functional and ||a|[* — a*a > 0, we have [|ab]|3 =
p(b*a*ab) < |lal*¢(b*b) = ||al[?||b]|3. Thus, the multiplication action of a is well-defined on the
completed quotient L?(A, ¢).

Therefore, there is a *-homomorphism 74 : A — B(L?*(A,)) given by 74 (a)[b] = [ab],
where [b] is the equivalence class of b in the completed quotient. This is called the Gelfand-
Naimark-Segal representation of A on L?(A, ¢). Furthermore, as a consequence of Proposition
1.1.8| (3), we have the following representation of A.

Theorem 1.1.9. Let H = Pe5(a) L?(A, ¢), and let 7 : A — B(H) be the direct sum of the

GNS representations w,. Then 7 is an isometric x-isomorphism.

This construction is the basis of the fact that every C*-algebra can be represented concretely
on a Hilbert space.
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Matrices over a C*-algebra

Suppose that A is a C*-algebra and let us realize A as an algebra of operators on the Hilbert
space H as in Theorem [[.1.3] Then a matrix 2 € Myxm(A) = A ® Myxm(C) can be viewed
as an operator H™ — H™, and we denote by ||z|| its operator norm. Note that M, «.m(A) is
already complete in the operator norm.

In particular, M, (A) is a C*-algebra. Moreover, Proposition [1.1.4] (3) implies that M, (A)
has a unique norm and thus the norm is independent of our choice of representation for A on a
Hilbert space H. Furthermore, the norm on M,, x,,(.A) is also independent of the representation
because if £ € M,,»,(A) then the operator norm satisfies ||z||? = ||z*z|, and z*z € M,,(A)
hence ||z*z|| is independent of the choice of representation.

Furthermore, there is a coordinate-free characterization of positivity in M, (A) in terms of
positivity in A.

Lemma 1.1.10. Let A € M,,(A). Then the following are equivalent:
1. A>0wm A.
2. For every v € M1xn(A), we have v*Av > 0 in A.

Proof. As in Theorem we can represent A as a concrete C*-algebra of operators on
H = @D yesa) Ho, where Hy = L*(A, ¢).
We can view A as an operator H™ — H™ and v as an operator H — H". If A > 0, then
v*Av is positive by the basic theory of operators on Hilbert space, and hence v*Av > 0 in A.
Conversely, suppose that (2) holds. Observe that

n'=
peS(A)

and the action of A on H" is the direct sum of its actions on each 7—[(’;. So it suffices to show
that Alyn is positive for each state ¢. We know that for each v € Mi,n(A) = A", we have

o(v*Av) > 0.
Let [v] denote the vector ([v1],...,[vn]) as an equivalence class in Hj. Then ([v], A[v]) > 0
Such vectors [v] are dense in Hg by construction and hence Al3, > 0 as desired. O

1.2 Right Hilbert A-modules

We begin with the A-valued analogue of a Hilbert space. Right Hilbert .4-modules were in-
troduced by Kaplansky [Kapb3], Paschke [Pas73], and Rieffel [Rie74]. For further detail, see
[Lan95]. A list of theorems and references can be found in [Bla06, §IL.7].

Definition, Inner Products, Completions

Definition 1.2.1. Let H be a right A-module. Then an A-valued pre-inner product on H is a
map (-,-) : H x H — A such that

1. Right A-linearity: We have
(€, Crar + Qeaz) = (£, C1)a1 + (§, (2)az.
for f, Cl, (o €H and a1, as € A.
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2. Symmetry: We have (£,()* = ((,€).
3. Nonnegativity: (£,€) > 0 in A for every £ € H.
If in addition, (&, &) = 0 implies that £ = 0, then we say (-,-) is an A-valued inner product.

Observation 1.2.2. An A-valued pre-inner product satisfies (Cra1 + (2a2,&) = aj{(1,€&) +
a3(¢2,§).

Lemma 1.2.3. Let H be a right A-module with an A-valued pre-inner product, and denote

€l = 1€, M2
1. {G.6)(&,€) < I8I1P(C. ©)-
2. K& O < ll€liCll-

3. &l = ||<£,§>||1/2 defines a semi-norm on H.
4 €1l = supye <1 166, Ol

Proof. Suppose that ¢ € S(A). Then ¢({&, ()) is a scalar-valued pre-inner product and therefore
satisfies the Cauchy-Schwarz inequality. Thus, we have

P((C,€)(€,0)) = (¢, £(5,0))) < B({C ONP((E(E, C), £, N2
= (¢, V2P, O)* (€, €)(€, O)V?

Next, note that a — ¢((£,{)*a(&, )) is positive linear functional on A and therefore

|6((€, Q)" (€ E)(E O < & ENND((E, ) (€, ) = IEIP D€, )" (€, C))-
Altogether,
SUCEE ) < D¢, N2 ENS (S, €8, 2.
We cancel the term ¢((¢, €)(£,¢))/? from both sides and then square the inequality to obtain

P((C )€, C)) < IElPo((¢, ¢))-

Because (¢, &)(¢,¢) and [|€]|?(¢,¢) are self-adjoint elements of A and this inequality holds for
every state ¢, we have

(€O, < IEIP(¢, ¢,

so (1) is proved. Inequality (2) follows by taking the norm of both sides in A and then taking
the square root.
The norm on H is clearly positive homogeneous. The triangle inequality holds because

€ +¢II* = I{€ + ¢, €+ Ol
<K& O+ 1KE O+ KGO+ 1S Ol
< (lllr +licn®.

This proves (3). Moreover, (4) follows immediately from the Cauchy-Schwarz inequality (2). O

Definition 1.2.4. A right Hilbert A-module is a right A-module with an A-valued pre-inner
product such that # is a Banach space with respect to the semi-norm [|€]| = ||(&, €)||*/2.



1.2. RIGHT HILBERT A-MODULES )

Lemma 1.2.5. Let H be a right A-module with an A-valued pre-inner product. Define
K={¢eH: |l =0}

Then (-,-) defines an inner product H/IC, and the completion of H/K with respect to the cor-
responding norm is a right Hilbert A-module.

Proof. The Cauchy-Schwarz inequality implies that (-, -) yields a well-defined inner product on
H/K. The right A-action is bounded with respect to the norm of #H since

lgall* = ll{€a, ga)ll = lla™ (€, €)all < lI€]*[lall*.

Thus, the right A-action maps K into K and hence passes to a bounded action on the quotient.
This in turn extends to the completion. The A-valued inner product on H/K extends to an
A-valued inner product on the completion because of the Cauchy-Schwarz inequality and the

boundedness of the right A-action. O
Orthogonality
Definition 1.2.6. If H is a right Hilbert A-module, then we say that &1, ..., &, € H are

orthogonal if (&;,&;) = 0 for ¢ # j.

Unlike the scalar case, there is no reason why orthogonormal bases would exist in general.
However, when we have orthogonal vectors, a version of the Pythagorean identity still holds

Observation 1.2.7. If &, ..., &, are orthogonal, then
<Z§j7Z§j> = (&.&),
j=1  j=1 j=1
and hence
1/2

Gl < 1 DG
j=1 j=1

Operators on Right Hilbert A-modules

Definition 1.2.8. Let H; and Hy be right Hilbert A-modules. A linear map T : H1 — Ho is
bounded if
IT|| :== sup ||Th| < +oc.
lhlI<1

We say that T is right-A-linear if (Th)a = T'(ha) for each a € A.

The adjoint of a linear operator is defined the same way as in the scalar case, except that
there is a no guarantee that an adjoint exists.

Definition 1.2.9. Let T : H; — H2 be a bounded right-A-linear map between right Hilbert
A-modules. Then T is adjointable if there exists T : Ho — H; such that

<Th17 h2>H2 = <h17 T*h2>H1 :

In this case, we say that T* is an adjoint for T
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Proposition 1.2.10.
1. If T : H1 — Hs is adjointable, then the adjoint is unique.
2. If T : Hy — Ha and S : Hy — Hg are adjointable, then (ST)* = T*S*.
3. If T is adjointable, then T™ is adjointable and T** =T.
4T T = T|* = [|7]*.
Proof. (1) Suppose that S and S’ are two adjoints for T. Then for every hy and hs, we have
(h1,(S — S")ha) = (Thy, ha) — (Thy,hs) = 0.

For each hy, we can take hqy = (S — S")hy to conclude that Shy = S'hs.
(2) Given that the adjoint is unique, this equality follows from the fact that

(SThy, h3) = (Thy, S*hs) = (hy, S*T*h3).

(3) Note that
(T*ha, hy) = (h1, T*ha)* = (Thy, ha)* = (ha, Thy).

(4) Observe that

IT|l = sup [[Thill=  sup  [(Thy,ho)ll
Ihafl<1 [CYNEAES]
= sup (b1, The)|[ = sup  [[{T"hg, ho)l| = [T,
IhalllAzlI<1 Ihall Iz )| <1

Moreover, using the Cauchy-Schwarz inequality,

2
IT*T|l =~ sup  |[(T*Thy,hy)ll = sup  [[(Thy, Th)|| = ( sup Th1||> = ||T1*.
YRS [CARTAES! Ihall<1

O

Definition 1.2.11. We denote the x-algebra of bounded, adjointable, right-.A-linear operators
H — H by B(H).

1.3 Hilbert Bimodules
Now we introduce the A-valued analogue of a representation of a C*-algebra on a Hilbert space.

Definition 1.3.1. Let A and B be C*-algebras. Then a Hilbert B-A-bimodule is a right Hilbert
A-module H together with *-homomorphism 7 : B — B(H).

In this case, for b € B, we write b := 7(b)&, and thus view H as a B-A-bimodule. The left
and right actions commute because by definition B(#) consists of right-A-linear operators.

A Hilbert B-A-bimodule can be thought of as a representation of a C*-algebra B on an
A-valued Hilbert space. Of course, a Hilbert C-A-bimodule is equivalent to a right Hilbert
A-module.



1.3. HILBERT BIMODULES 7

Direct Sums

Given a family of Hilbert B-.A-bimodules {H,;}icr, we define the direct sum @, ;
completion of the algebraic direct sum with respect to the A-valued inner product

<Z§i, ZCZ> = (&G

el iel iel

H; as the

where »°. ;& and )., (; are elements of the algebraic direct sum represented as sums of
& € H; and (; € H; with only finitely many nonzero terms.

We must still verify that this definition makes sense. It is straightforward to check that this
is an inner product, and therefore the completion is well-defined as a right Hilbert .A-module
by Lemma [1.2.5] But it remains to show that left B-action is bounded and extends to the
completion. Let b € B and let Y, ;& be in the algebraic direct sum. Then [|b]|* — b*b > 0 in
B, and hence

16117 (&1, &) — (b€, bEi) = (&, (IIb]I* = b*b)&:) > 0,
which implies that

<beubez‘> = Za’ﬁub&) < Hb||22<§i,§i> = ||b2<Z€iyz§i>-

i€l iel el iel el iel

Therefore, the B-action is bounded and so extends to the completion.
The direct sum operation is commutative and associative, up to natural isomorphism.

Tensor Products

Suppose we are given a Hilbert C-B-bimodule K and a Hilbert B-A-bimodule H and. Then we
define the tensor product K ®g H by equipping the algebraic tensor product with the pre-inner
product

(61 ® (1,8 ®G) = (C, (€1,62)¢)

and then forming the completed quotient as in Lemma [T.2.5]

Let us expound the definition in more detail and verify that the construction makes sense.
Let V be the algebraic tensor product of IC and H over B. That is, V is the vector space spanned
by £ ® (, where £ € IC and ¢ € H, modulo the span of vectors of the form

ER (O +G) -0 —E®(, (£1286) (-6 R(-LRGhR (-,

where b € B. Note that V is a C-A-bimodule with the actions given by

c(§@¢) =c€®(  (E®()a=E{®Ca.

We equip V with a A-valued form (-, -) given by

(61 ® (1,6 @ ¢) = (C1,(61,82)C)-

Observe that if we replace £;0 ® (; with & ® b(; for j = 1 or 2 and b € B, the result is
unchanged due to the right B-linearity of the inner product on K; therefore, this A-valeud form
on V is well-defined. It is straighforward to check that this A-valued form is right A-linear and
symmetric.
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In order to check that this is nonnegative, consider a sum of simple tensors Z;—;l & ® (e

Note that
<Z G, §® Cj> =) (G (€ €¢) = (G X,
i ] i
where ¢ = ((1,...,(,) € H™ and X is the matrix [(§;,&;)];; in M, (B). We claim that X > 0
in M, (B). This follows from Lemma|l.1.10[ because for v € M, «1(B), then

v Xv = Z<€ivi,§jvj> = <Z&’Ui725ﬂj> > 0.
i J

i,J
Thus, X can be written as B*B for some B € M, (B). Thus,

This shows nonnegativity of the inner product.

Therefore, Lemma shows that the completed quotient of V with respect to (-,-) is a
well-defined right Hilbert A-module K ®z H. Finally, we must verify that the left C-action is
well-defined. Let ¢ € C. Then ||c||?> — ¢*¢ > 0, so that ||c||? — ¢*c = z*x for some x € C. Thus,
for a simple tensor Zj & ® ¢, we have

<Zfi ® G ([lel® = e*e) Y& ®<j> = <foi ® Gy @ ®<j> >0,
i J

? J

which implies that

<c25i ®GieY & ®<j> < ||c||2<Z§i ®Cin Y & ®<j>-
i j i J

Hence, the action of ¢ is bounded and thus passes to the completed quotient. Moreover, direct
computation shows that the action of C is a x-homomorphism.

This shows that the tensor product is well-defined. Furthermore, it is straightforward to
check that the tensor product is associative, that is, if H; is an A;-A;_;-bimodule for j = 1,
2, 3, then

(Hs @4, Ho) @a, H1 = Hs @a, (Ha @4, H1)

as a Hilbert Asz-Ap-bimodule. In particular, we can unambiguously write
Hp @A, 4 Q4 Hi

as a Hilbert A,-Ag-bimodule when #; is a Hllbert 4;-A;_; bimodule. Moreover, tensor
products distribute over direct sums in the obvious way.

1.4 Completely Positive Maps and the GNS Construction

Now we will define the A-valued analogue of positive linear functionals on an algebra B and
the GNS construction. It turns out that positivity of a map o : B — A is not a strong
enough condition to make the GNS construction work. Rather, we need the notion of complete
positivity. Complete positivity was first studied by Stinespring [Sti55], and the operator-valued
GNS construction is closely related to the Stinespring dilation theorem and its extension by
Kasparov |[Kas80|. For further references, see [Bla06, §I1.6.9-10, §I1.7.5].
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Definition 1.4.1. Let o : B — A be a linear map. We denote by o™ : M, (B) — M, (A) the
map given by applying o entrywise. We say that o is completely positive if o™ is positive for
every n, that is, 0™ (B*B) > 0 for every B € M, (B).

Lemma 1.4.2. Let H be an Hilbert B-A-bimodule and & € H. Then o(b) = (&,b8) is a
completely positive map B — A.

Proof. Choose a positive element B*B in M,(B) and write B = [b; j]. By Lemma [1.1.10} to
show that o™ (B*B) > 0, it suffices to show that for v € M,,»1(A), we have v*¢(™ (B*B)v > 0.
But

v'a"W(B* B = (¢vi, (B*B)ijév;) = Y _(Bravi, Bijév;) = (B(€v), B(§v))un >0,
ij ig,k
where v € H™ is the vector (§vy,...,&v,) and B acts on H™ by matrix multiplication in the
obvious way. O

Conversely, we will show that every completely positive map o : B — A can be realized by
a vector £ in a Hilbert B-A-bimodule. We define a bimodule B ®, A by equipping the algebraic
tensor product B ® A over C with the pre-inner product

(b1 ® a1, by ® as) = ajo(biby)as.

This pre-inner product is clearly right A-linear and symmetric. To show that it is nonnegative,

consider a vector
n
£E=) bj®q
j=1

and note that

(€,6) =) aio(biby)a;.
i

The matrix C' = [bb;] can be written in the form B*B and hence is positive in M, (B).
Therefore, by complete positivity of o, the matrix [o(b;b;)] is positive in M, (A). Then by
Lemma >.i;a;0(bjbj)a; > 0 in A. This shows nonnegativity of the pre-inner product.

Thus, by Lemma [[.2.5] we can define the completed quotient B ®, A as a right Hilbert
A-module. Finally, we claim that the left multiplication action of B on B ® A passes to the
completed quotient. To do this, it suffices to show that this action is bounded with respect to
().

The argument is the same as in the construction of the tensor product for bimodules. Given
b € B, we have ||b]|?> — b*b > 0 and hence it can be written as z*z for some z € B. Using
complete positivity, one argues that (¢, c£) > 0 whenever £ = Z?:1 bj®a;. Thus, we conclude
that ||b€, €] < ||b]|?(&,€). In summary, we have shown that the following definition makes
sense.

Definition 1.4.3. Let o : B — A be completely positive. We denote by B ®, A the Hilbert
B-A-bimodule defined as the completed quotient of the algebraic tensor product B ® A over C
with respect to the pre-inner product (b1 ® a1, b ® ag) = ajo(bbs)as.

Moreover, a direct computation shows the following.

Lemma 1.4.4. Leto : B — A be completely positive. Let & be the vector 1®1 in BR, A. Then
a(b) = (&, b€). In particular, a map o is completely positive if and only if it can be expressed
as o(b) = (£,b) for some £ in a Hilbert B-A-bimodule H.
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Finally, let us point out, that just as in the case of states, completely positive maps are
automatically bounded (in fact, completely bounded).

Lemma 1.4.5. Let o : B — A be completely positive. If B € M,(B), then ||c™(B)|| <
le(MIIBI-

Proof. First, consider b € B (for the case n = 1). Let H = B®, A and £ = 1 ® 1. Then by
Cauchy-Schwarz,

lo®)IF = 114, &) < N€lllbell < NBllIElN* = Nbllllo(L)]]-

For n > 1, note that if o is completely positive, then ¢(") is also completely positive and hence
by the preceding argument ||o™ (B)|| < ||B|||lc™ (1)|| = ||B]||lo(1)]|. O

1.5 A-valued Probability Spaces

Completely positive maps are the A-valued analogue of positive linear functionals on C*-
algebras and measures on compact Hausdorff spaces. The analogue of a state or probabil-
ity measure is a A-valued expectation. While conditional expectations have a long history in
C*-algebra theory, the probabilistic point of view is due largely to Voiculescu [Voi95|.

Definition 1.5.1. Let A C B be unital C*-algebras. An A-valued expectation E : B — Ais a
unital positive A-.A-bimodule map.

Remark 1.5.2. Complete positivity is automatic in this case. Indeed, if AC Band ®: B — A
is a positive A-A-bimodule map, then ® is completely positive. To see this, consider a positive
element B*B € B and given v € M7, (A). Then we have

v* E™[B*Blv = E[v* B*Bv] > 0

since v*B*Bv > 0 in B by Lemma [1.1.10l Since v*E™[B*B]v > 0 for every v, Lemma [1.1.10
implies that E(™[B*B] > 0.

This is also known in the literature as a conditional expectation B — A. More explicitly, by
“unital” we mean that E[1] =1 and by “A-A-bimodule map,” we mean that E[ab] = aE[b] and
Elba] = Ebla for b € B and a € A. The unital condition is the analogue of the normalization of
a state or probability measure, and the A-A-bimodule property is the analogue of the property
that E[f(X)g(Y)|X] = f(X)E[g(Y)|X] in classical probability theory.

We have seen that a completely positive map B — A can always be represented (£, b€)
for a vector £ in a Hilbert B-A-bimodule. Let us now describe when (£,b€) is a conditional
expectation.

Definition 1.5.3. Let H be a Hilbert A-A-bimodule. A vector £ € H is said to be a unit
vector if (£,&) = 1. We say that & is A-central if a€ = £a for a € A.

Lemma 1.5.4. Let A C B be a unital inclusion of C*-algebras. If € is an A-central vector in
a Hilbert B-A-bimodule H, then E[b] := (£,bf) is an A-valued expectation. Conversely, if E is
an A-valued expectation, then the vector £ =1® 1 in B®g A is an A-central unit vector.

Proof. Suppose that & is an A-central unit vector in H and E[b] = (£,b£). We already know E
is completely positive. Moreover, E is unital because £ is a unit vector. Finally, to show that
E is an A-A-bimodule map, observe that

Elba] = (€, ba&) = (€, b6a) = (£, b)a = Eb]a.
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On the other hand,
Elab] = (£, abf) = (a"&,b¢) = (€a™,b§) = a(€, b§) = aE[b].

Conversely, suppose that E is an A-valued expectation and let £ = 1®1 in BRg A. Clearly,
¢ is unit vector because (¢,&) = 1*E[1*1]1 = 1. Moreover, we claim that a ® 1 = 1 ® a in the
completed quotient space B ®g A. To see this, note that

(a®1-1®a,a®1—1®a) =a"F[lla—a"Ela] — E[a*]a+ E[a*a] = 0.

It follows that
a=al®l)=a®1l=10a=(1® 1)a = &a,

so that & is A-central. O

Remark 1.5.5. A careful examination of the proof for the converse direction shows that we did
not use the full strength of the .A-A-bimodule map assumption, only that E|4 = id. Therefore,
we have shown that if FE is completely positive and E|4 = id, then E is automatically an
A-A-bimodule map.

Definition 1.5.6. An A-valued probability space is a pair (B, E), where B O A is a C*-algebra
and E : B — A is an A-valued expectation, such that the representation of B on B ®g A is
faithful, that is, the *-homomorphism B — B(B ®g A) is injective.

This last condition that the representation is faithful is a type of non-degeneracy condition.
For example, in the scalar-valued case where B = C(X) for a compact Hausdorff space and
E is given by a probability measure P, the faithfulness condition says that (closed) support
of P in X is all of X. In the operator-valued setting, this condition says intuitively that all
information about the algebra B can be captured from the expectation E. This is a reasonable
assumption because in non-commutative probability theory, we only care about aspects of the
algebra that are observable from E.

1.6 A-valued Laws and Generalized Laws

We now turn to the definition of A-valued laws (and generalized laws). The results of this
section are based on [Voi95], [PV13], [AW16].

As motivation, recall that if b is a real random variable on a probability space (X, P), then
the law of X is the measure p, on R given by [ fdu, = E[f(b)]. Similarly, if ¢ : B — C is a
state and b € B is self-adjoint, then the law of B with respect to ¢ is the measure u;, given by
J fduy, = @(f(b)). In either case, if the measure 1, is compactly supported, then it is uniquely
specified by its moments [ ¢" duy(t) = ¢(b™).

Now consider the case of a self-adjoint b in an A-valued probability space (B, E). We want
the law p;, to encode the moments

Elagbay . . . ba,]

for every ay, ..., a, € A. Because there is no clear way to express these moments in terms
of a measure, we will simply define the law of b as the sequence of moments, or equivalently a
linear map from non-commutative polynomials in b with coefficients in A to the base algebra

A.
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Definition 1.6.1. We denote by A(X) the algebra of non-commutative polynomials in X with
coefficients in A, that is, A(X) is the linear span of terms of the form agXa; X ...ar—1Xay.
We endow A(X) with the x-operation

(apXar X ...ap—1Xap)" =arXaj_q...Xai Xag.

Definition 1.6.2. Let (B, E) be an A-valued probability space and b a self-adjoint element of
B. The law of B is the map up : A(X) — A given by p(X) — E[p(b)].

In probability theory, it is a standard fact that every law p (probability measure on R) is
the law of some random variable. Indeed, the random variable given by the z-coordinate on the
probability space (R, ) will have the law p. Thus, laws which arise from random variables are
characterized abstractly as measures. In operator-valued non-commutative probability, there is
also an abstract characterization of laws, and a way to explicitly construct a random variable
which realizes a given law, a version of the GNS construction.

Definition 1.6.3. An A-valued law is a linear map p : A(X) — A such that
L. p is completely positive: For any P(X) € M, (A(X)) we have u™ (P(X)*P(X)) > 0.
2. p is exponentially bounded: There exist some C' > 0 and M > 0 such that

lplaoXar1 X .. .ap_1Xap)| < CM"|ag]| ... ||lag|| for all ay, ... a, € A.

3. pis unital: p(l) = 1.
4. pis an A-A-bimodule map: p(ap(X)a') = ap(p(X))a’ for a,a’ € A.

Definition 1.6.4. Let p : A(X) — A. If [|u(apXa1 X ...ap_1Xap)| < CMF|ag]| ... |lax]|,
then we say that M is an exponential bound for p. Finally, we define the radius of p as

rad(p) := inf{M : M is an exponential bound for u}.

The following theorem is due to [Voi95| and is also proved in [PV13, Proposition 1.2].
Theorem 1.6.5. For a map p: A(X) — A, the following are equivalent:
1. The map p is an A-valued law with exponential bound M.

2. There exists an A-valued probability space (B, E) and a self-adjoint X € B such that
= g and | X| < M.

In particular, every law can be realized by an X with || X|| = rad(u).

To motivate the proof of (1) = (2), let us rephrase the realization of a probability measure
1 on R in terms of Hilbert spaces and operator algebras. We can construct the Hilbert space
L?(R, i) as the closure of C[z] with respect to the L?() norm. Let T be the operator of acts
by multiplication on L?(R, ), and let C*(T) be the C*-algebra generated by T. Equip C*(T')
with the expectation

MNWZGJUMBmm:Aﬂ@@@)

Then (C*(T), E) is a scalar-valued C*-probability space and T' € C*(T') has the law p.
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Proof of Theorem[1.6.5. (1) = (2). We define an A-valued pre-inner-product on A(X) ® A
by
(f1(X) ® a1, f2(X) ® az), = a1 p(f1(X) g2(X))az

and denote || f(X)||,, = [|(f(X), f(X)),]*/?. Note that (-,-), is right A-linear, is nonnegative,
and satisfies (g(X), f(X)) = (f(X), g(X))*. Therefore, the Cauchy-Schwarz inequality holds
and we can define the completed quotient with respect to this inner product. Denote this space
by A(X) ®, A.

We want to define B as the C*-algebra generated by left multiplication action of A(X) on
A(X)®, A If f(X) € A(X), then in order to show that the left multiplication action of f(X)
on A(X) passes to a well-defined action on the completed quotient A(X) ®,, A, it suffices to
show that

1F(X)g (Xl < Cllg(X) |l

for some C' > 0. In fact, because A(X) is the algebra generated by A and X, it suffices to
check the case where f(X) is either some a € A or X.

First, the argument that multiplication by a is well-defined on A(X) ®, A is exactly the
same as the argument for the GNS representation in Definition [1.4.3

Second, we claim that if M is an exponential bound for p, then left multiplication by X
defines an operator p(X) on L?(A(X), u) with [|p(X)|| < M. The idea is to show that R? — X2
is a positive operator for R > M. Unlike the case in Definition we cannot express R? — X?
as ¥(X)*(X) in A(X). We will fix this problem by looking at a certain analytic completion of
A(X) in which the power series representation of the function (¢) = v R? — 2 will converge.

For a monomial agXay ... Xax, we denote

p(aoXay ... Xay) = M"|ag| ... ||la|.

Then for f(X) € A(X), we define

150 as =nf { S p(f5) - S5 monomials and £ =3 f,
j=1

j=1
Let A(X) be the completion of A(X) in this norm. One checks easily that

1 (X)g(X)ar < 1F XD llg(X) 1,

and this inequality extends to the completion, which makes A(X) s a Banach algebra. Similarly,
the x-operation on A(X) extends to the completion. By standard results from complex analysis,
the function ¢ (t) = v R? — t2 has a power series expansion

W(t) = ot/
j=0

which converges for |t| < R. In particular, the series converges absolutely for ¢ = M, which
means that

(X)) =D ;X
=0

is a well-defined element of A(X);. Moreover, because of the absolute convergence, we can
compute (X)? by multiplying the series term by term and hence conclude that 1(X)? =
R? — X2, Because M is an exponential bound for i, we know that p extends to the completion
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A(X)pr and remains completely positive on A(X)jy;. Thus, using complete positivity, for
EA(X) ® A, we can show that
<§a (R2 - X2)£>}L > 07

which implies that || X¢]|, < R||¢]|,. By taking R ~\, M, we have | X¢||, < M]||£]|,, which
means that the multiplication operator p(X) is well-defined and bounded by M as desired.

This shows that the left multiplication action of A(X) on L?(A(X), i) is well-defined and
bounded. Let p(f(X)) denote the multiplication operator by f(X). Then p(f(X)) is adjointable
with adjoint given by p(f(X)*). Therefore, in light of Proposition[I.2.10} the closure of p(A{X))
in the operator norm is a C*-algebra, which we will denote by B.

By linearity of E/, we obtain that a®1 = 1®a for a € A, hence £ = 1®1 is an A-central unit
vector in A(X) ®,, A, which implies that E[b] = (£, b¢) is an A-valued expectation on B. The
representation of B on B® g A is faithful because BogA = A(X)®,.A as Hilbert B-A-bimodules.
Finally, X = p(X) in B has the law p since p<[f(X)] = E[f(X)] = E[p(f(X))] = u[f(X)].
Therefore, (1) holds.

(2) = (1). Suppose that p = pw. Let p : A(X) — B be given by p(p(X)) = p(X);
note that p is a x-homomorphism and in particular it is a completely positive, unital, A-A-
bimodule map. Therefore, u = up = E o p is the composition of two completely positive, unital,
A-A-bimodule maps. Moreover, p is exponentially bounded since

lu(apXay ... Xag)|| = HE(aOYal . .Yak)H < |lagXay ... Xag| < HYHkHaOH oo lakl-
O

In fact, this characterization theorem does not require us to assume that p is an A-A-
bimodule map. The more general result where we drop this assumption will be needed later
for the discussion of various analytic transforms associated to a law.

Definition 1.6.6. An A-valued generalized law is a completely positive and exponentially
bounded map o : A(X) — A.

Theorem 1.6.7. For a map o : A(X) — A, the following are equivalent:
1. o is a generalized law with exponential bound M.

2. There exists a C* algebra B, a x-homomorphism p : A(X) — B, and a completely positive
map o : B — A such that o0 =7 o p. We also have ||p(X)|| < M.

The proof is exactly the same as for the previous theorem. Namely, we let p be the left
multiplication action of A(X) on A(X) ®, A, let B be the C* algebra generated by A(X), and
let 5(b) = (1,b- 1),.

Corollary 1.6.8. Let 0 : A(X) — A be a generalized law. Then o is a law if and only if
ola=id.

Proof. Clearly, if o is a law, then 0|4 = id. Conversely, suppose that o|4 = id. Then a direct
computation shows that for a € A, we have (a®1 -1®a,a®1 —1® a), = 0 and therefore
a®l=1®ain A(X)®, A. This means that the vector { = 1 ® 1 is A-central. It is also
a unit vector because o(1) = 1. It follows that 7[b] = (£,b€) defines an A-valued expectation
on B = C*(A(X)), and we have o(f(X)) = 7[f(p(X))], so that o is the law of X under this
expectation. O
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Remark 1.6.9. In the proof of Theorem it is unnecessary to tensor A(X) with A. Indeed,
we could have simply defined the inner product (f(X), g(X)), = p(f(X)*g(X)) on A(X) rather
than A(X) ® A, and this would already be an .A-valued inner product. However, for the more
general setting of Theorem it s necessary to use A(X) ®, A.

1.7 Problems and Further Reading

Problem 1.1 (States). Prove that a state ¢ on a C*-algebra A is a completely positive map
A — C. Show that A ®,4 C is isomorphic as a left A-module to the space L?(A, ¢) in the GNS
construction.

Problem 1.2 (Conditional expectations on von Neumann algebras). Suppose that (B,7) is a
tracial von Neumann algebra and A C B is a von Neumann subalgebra. Let H = L?(B,7) and
K=L*A71)CH.

1. Let P¢ : H — K be the orthogonal projection. Viewing B and A as subsets of L?(B) and
L?(A), show that Py restricts to a map E : B — A.

2. Show that F is an A-A-bimodule map.
3. Viewing B and A as subsets of B(H), show that E[b] = PicbPx.
4. Show that F is completely positive.

Problem 1.3.

1. Let n : A — A be completely positive and § > 0. Show that 1 + did is invertible and
(n +6id)~! is completely positive.

2. Let 0 : A(X) — A be a generalized law. Let n = |4 and suppose that n — did is
completely positive for some § > 0. Show that there exists an A-valued law p such that

o =10

Problem 1.4. Let X3, ..., X,, be random variables in the A-valued probability space (B, E).
Define the joint law of Xy,...,X,, as a map A(Xy,...,X,) — A given by f(X1,...,X,) —
E[f(X1,...,X,)]. Show that the A-valued joint law of Xy, ..., X,, is equivalent information
to the M, (A)-valued law of the diagonal matrix X; @ --- @ X,, € M, (B).






Chapter 2

Fully Matricial Functions

2.1 Introduction

One of the key tools in (scalar) non-commutative probability is the Cauchy-Stieltjes transform
of a random variable X given by

Gx(2) = E[(z — X)7'],

which is an complex-analytic function for z in the upper half-plane and in a neighborhood of oo
(provided that X is bounded). The law of X can be recovered from the power series expansion
of Gx at oo because

Gx(z"H=E['-X)"= i FHLE[XH,
k=0

which is essentially the moment generating function for the law of X.

In this chapter, we describe an A-valued analytic function theory suitable for A-valued non-
commutative probability, and in the next, we analyze the A-valued Cauchy-Stieltjes transform.

It should not be surprising at this point that our notion of analyticity needs to take into
account matrix amplifications. One concrete motivation for this is that, without taking matrix
amplifications, the Cauchy-Stieltjes transform is insufficient to encode the A-valued law of a
random variable X.

One would naively define the Cauchy-Stieltjes transform G x as a function an open subset
of A given by Gx(z) = E[(z — X)~!]. Looking at the power series of Gx(z71) at 0, we have

Gx(z ) =E['-X)=E[(1-2X)"'z] = ZE[(ZX)kZ]
k=0

From this, we can recover all moments of the form F[zXz...Xz]. However, to know the law
of X, we would need to consider all moments of the form E[z1Xz5...Xz]. Of course, for
the Cauchy-Stieltjes transform not to encode the law of X would severely handicap analytic
methods for operator-valued non-commutative probability.

But fortunately this problem is resolved by matrix amplification. We can consider the
sequence of functions Gg?) with domain in M, (A) given by Gg?)(z) = EM[(z—X™)~1, where
X () is the diagonal matrix with entries given by X. To recover the moment E[z1 Xz, ... X 2]

17
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for z; € A, we evaluate (the analytic extension of) GE?H)(Z_l) on the matrix

0 z O 0 0
0 0 =z 0 0
0 0 O 0 0
z= .
0 0 O 0 zp
0 0 o0 0 0]
and obtain
n+2 — n n
Gg(+ )(Z 1) :ZE( +2)[(ZX( +2))kz]
k=0
[0 20 FEl20Xz1] ... Elz0Xz1...X2z,1] FEl20Xz1...X2,] |
0 O 71 voo E[1Xz9...X2n-1] FElz1Xz2... Xz
0 O 0 coo ElzaXz3...X2zp—1] E[z22X2z3X...X2z,]
0 O 0 0 Zn
0 0 0o .. 0 0 ]

where E[z0X 21 ...Xz,] can be recovered as the top right entry.

Thus, an analytic function F' ought to be a sequence of functions F(") defined on n x n
matrices over A. But we also need to guarantee that these functions “fit together consistently.”
More precisely, we will require that F' respects direct sums and conjugation by invertible scalar
matrices (see Definition .

Remarkably, these algebraic conditions, together with a local boundedness condition which
is uniform in n, are sufficient to imply the existence of local power series expansions for the
function F(™. The terms in these power series expansions are given by multilinear forms,
much like the power series expansion for Gx(z7!) is obtained from the multilinear forms
(20X 21 ... X2,). Moreover, just as in the case of Gx(z7!), these multilinear forms are com-
puted by evaluating F(") on certain upper triangular matrices.

The study of such non-commutative or fully matricial functions originated in the 1970’s with
the work of Joseph Taylor [Tay72], |[Tay73]. Dan Voiculescu studied fully matricial functions in
the context of the free difference quotient and generalized resolvents [Voi00], [Voi04], [Voil0)].
Mihai Popa and Victor Vinnikov clarified the connection between fully matricial function theory
in the abstract and the various analytic transforms associated to non-commutative laws [PV13],
which we will discuss in detail in the later chapters.

We have opted for a self-contained development of the theory of fully matricial functions,
though somewhat restricted in scope. We are indebted to the systematic work of Kaliuzhnyi-
Verbovetskyi and Vinnikov [KVV14], although we have not presented the proofs in exactly the
same way. We write with the analogy to complex analysis always in mind, and with an eye
towards the results of Williams and Anshelevich on the Cauchy-Stieltjes transform [Will7],
[AW16], which we will discuss in the next chapter. We follow Voiculescu in using the term
“fully matricial” rather than “non-commutative” since it gives a more concrete description of
the definition.

2.2 Fully Matricial Domains and Functions

In order to state the definition, we use the following notation.
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1. We identify M,(A) with A® M,(C).

2. If z € A" then we denote

z 0 0 0
0 z ... 00
M =2@ly =10 ] € Mam(A).
0 0 z 0
0 0 0 =z

3. If z € M, (A) and w € M,,(A), then we denote

z

zDw = {O

ﬂ € My (A).

4. If z € M,,(A), then we denote B (z,7) = {w € M, (A) : ||z —w| < r}.

Definition 2.2.1. A fully matricial domain Q over A is a sequence of sets Q") C A
satisfying the following conditions.

1. Q respects direct sums: If z € Q™ and w € Q™) then z ® w € Q+m),

2. Q is uniformly open: If z € Q™) then there exists 7 > 0 such that B™™) (z(™) ) C Q™)
for all m.

3. Q is non-empty: At least one Q™ is non-empty.
Notation 2.2.2. We denote by M,(.A) the fully matricial domain (M,,(A))nen.

Definition 2.2.3. Let Q7 and 5 be fully matricial domains over A; and A, respectively. A
fully matricial function F : Q; — €5 is a sequence of functions F () : an) — Qén) satisfying
the following conditions.

1. F respects intertwinings: Suppose that z € an), w € ng), T € Mysm(C). If 2T = Tw,

then F(M(2)S = TF™) (w).

2. F is uniformly locally bounded: For each x € an), there exist » and M > 0 such that
B (2(m) ) C QYLm) and F(v) (Brm) (2(m) )y € B™) (0, M) for all m.

In order to check that a function F' is fully matricial, it is often convenient to use the
following equivalent characterization of the intertwining condition.

Lemma 2.2.4. Let Q1 and Qg be fully matricial domains and let F : Q1 — Qo be a sequence
of functions. Then F respects intertwinings if and only if the following conditions hold.

1. F respects direct sums: If z € QU and w € QU then FT™) (2 o w) = FM(2) @
F) (w).

2. F respects similarities: Suppose that z € Q™) that S € M, (C) is invertible, and that
SzS~1 € QM. Then F™(S2871) = SF™(2)S~ 1.
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Proof. First, assume that F respects intertwinings. To prove (1), fix z € Q) and w € Q™).
Then we have the block matrix equations

[1 0] {g SJ =z[1 0]
o 1[5 o] =wl 1)
Because F respects intertwinings, we have
[1 0] FM™(z@w) = F™(2)[1 0]
[0 1] F"™(zow) = F™(w)[0 1],
which together imply that

F™) () 0

F(ntm) (zdw) = 0 F(m)(’l,l))

=F"(2) @ F™ (w).

Next, fix z and S as in (2). Let w = S2S~'. Then Sz = wS and hence SF(™(z) =
F®™)(w)S, which means that F(™(SzS~1) = SF(™(2)S~1.

Conversely, suppose that (1) and (2) hold and consider an intertwining 27 = Tw where
zZ € an)7 w e ng), T € Mpxm(C). Then observe that

bl 30T )

= 1

is invertible. Hence, S(z @ w)S~! = 2z ® w and therefore by assumptions (1) and (2), we have
S(FM(2) @ F™)(w))S~! = F"(2) @ FU™ (w). In other words,

and observe that

S 1 |

and hence, looking at the top right block, F( ()T = TF™) (w). O

In order to reduce the number of superscripts cluttering up our paper, we introduce the
following notation.

1. For F: Oy — Qg and 2z € an), we will usually write F(z) rather than F(™)(z), and the
context will make clear the size of the matrix z.

2. If Qy and Q5 are fully matricial domains, then we write 1 C 5 to mean that an) - Qén)
for every n.

3. We write z € Q to mean that z € Q™ for some n.

4. For T C Q) and F : Q; — Qy, we denote by F(I') the sequence of sets F(I')(™ =
F)(T™). We define F~(T) for T' C Qy similarly.
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5. For z € M,,(A), we denote by B(z,r) the fully matricial domain

BOm (M) 1) k= nm
BW (2, r) = R
(z7) a, otherwise.

In this notation, the uniform openness condition of Definition [2.2.1] states that for every z € Q,
there exists r > 0 such that B(z,r) C Q. Moreover, F' : Q; — 9 is uniformly locally
bounded as in Definition [2.2.3] if and only if for every z € €, there exist R and M such that
F(B(z,R)) C B(0,M).

2.3 Difference-Differential Calculus

Definition 2.3.1. Let F' : 1 — )y be fully matricial where Q; is fully matricial domain

over A;. Suppose that zy € ano), .o, 2k € an’“), suppose that wy € My,xn, (A), ..

Wk € My, _,xn, (A1), and suppose that the block matrix

)

_ZO w1 0 [N 0 0
0 Z1 w2 ... 0 0
0 0 2 0 0
X = . .
0 0 0 Zk—1 Wk
0 0 0 0 2z

is in Q"0 Then we define
AkF(ZOa teey Zk)[wla v ,’U)k]
as the upper right ng x ny block of F(Z).

Lemma 2.3.2. Let zg, ..., zr and wy, ..., wg and Z be as above, and assume that each of
the submatrices

Zi  Wi41 NN 0 0
0 Zi+1 e 0 0
Zi,j = : : . .
0 0 cee Zj-1 Wy
is in the domain of F for each i < j. Then we have
F(z0) AF(z0,21)[w1] AZF(z0,21,22)[wi,wa] ...  AFF(z,...,21)[wi, ..., wg]
0 F(z) AF (21, z2)[wa] v AFTIE(z 2 [we, - wi]
F(Z) = 0 0 F(z2) e AFT2P (29, 20 [ws, - -, Wi
0 0 0 F(z)
(2.3.1)

Proof. We proceed by induction on k with the base case k = 0 being trivial. Let k¥ > 1. Let n;
be the size of the matrix x; and let N; ; = n; +--- 4+ n;. Then we have

A |:1N0,k1><NO,k-1:| — |:1N0.k1><N0,k1:| ZO,k:—l

OnkxN01k71 OnkXNO,k—l
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and therefore
F(Z) |:1No,k—1><N0,1«—1:| _ |:1N0‘k—1><N0,k—1:| F(Z() k—1)~

OnkXNO,k—l OnkXNO,k—l

From this relation together with the induction hypothesis applied to F'(Zy ;—1) we deduce that

F(Zo) AF(Zo,Zl)[’wl] Ak’lF(zo,...,zk_l)[wl,...,wk_l]
0 F(Zl) AkiZF(Zh...,Zk_l)[wg,...,’wk_l]
Fz)=| | , |
0 0 0 *

In other words, is verified except in the last ng columns. Similarly, by considering the
intertwining

(0N, wxno 1Ny oxNik) Z = Z1g [ONy e LNy ox Ny
and applying the induction hypothesis to F(Z; ), we can verify except in the first ny
rows. It remains to check in the top right ng x ng block; but this holds by definition of

AFF. O]
Lemma 2.3.3. Suppose that zy € ano)’ e, 2k € an’“), suppose that w1 € Myyxn, (A), ...,
wg € My, xn, (A), and let (1, ..., {x € C. Then we have

AFF (20, z)[Gwy, - Gewe] = Cu- o GeF (20, - -5 2i) [wa, - wg]

provided that both quantities are defined under Definition [2.3.1}

Proof. We consider the intertwining

20 le 0 0 <1...<k 0 0 0
0 2z 0 0 0 G2 .-Gk 0 0
0 0 Zp-1  Crwe 0 0 G O
0 0 0 2k 0 0 0 1
Cl . Ck 0 . 0 0 zZo wip ... 0 0
0 CQ . Ck . 0 0 0 21 0 0
0 0 e Ck 0 0 0 Zk—1 Wk
0 0 ... 0 1 0 O 0 2k
apply the function F', and then examine the top right corner. O
Definition 2.3.4. If z; € Q") for j =0, ... k, then we extend the definition of A*F(zq, ..., z)[wy, . .., wk
to arbitrary values of wy € Mpgxn, (A), ..., Wp € My, xn, (A) by setting
1
F(zo,...,ze)wy, ... wi] = AFF (20, zi)[Qws, -, Gowg],
G- Ck
where (1, ..., ¢ € C\ {0} are chosen to be sufficiently small that
20 le e 0 0
. . . c ano+~~+nk)'
0 0 Zk—1  Crwg
0 0 0 2k
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Such a choice of (q, ..., (i is possible because Q(ln°+"'+n’“) is open. Lemma m guarantees
that this definition of F'(zp,...,zx)[w1,...,wy] is independent of the choice of (3, ..., (x and
is consistent with the earlier Definition 2.3.1]

Lemma 2.3.5. A*F(z,...,z)[wi,...,wy] is multilinear in wy,. . . wy.

Proof. We have already shown that A¥F(zp,...,2,) behaves correctly when we multiply one
of the w;’s by a scalar, so it remains to show that A*F(zq,..., z;)[wi,...,wy] is additive in
each variable y;. First, consider the case k = 1 in which we must show that

AF (29, 21)[w+ w'] = AF (29, 21)[w] + AF (29, 21)[w].

Choose ¢ € C\ {0} sufficiently small that the matrices

R e e Wl

0 21 0 21 0 21

are all in the domain of F. From the intertwining
100%)55;",_20@100
00 1 0 10 oz ]l0 0 1]
O O Z1

we deduce that

100 o 0w F(z) CAF(z0,z)[w]][1 0 0
0o o 1|/F|]|0 o =1y F(z1) 00 1|
0 0 =z !
Similarly,
zo 0 C(w /
010 p F(z) CAF(z0,21)[w']| |0 1 0
0o 0 1/F]|0 o =1y F(z1) 00 1|
0 0 = !
and thus altogether,
2o 0 Cw F(z0) 0 C(AF(z0,21)[w]
Fl]0 2 ¢C'|]=] 0 20 CAF(zo,21) W]
0 0 z1 0 0 z1

Finally, we use the intertwining

0 29 Cuw

R TR i

110200@0
0 21 0 0 1

to deduce that

CAF (29, 21)[w]

/ F(ZO) 0
F(z9) C(AF(zp,21)w+w 1 10 110 ;
[ (00) (Opéfg ]] [0 0 1] = {o 0 1} 8 F(OZO) CAF%Z,‘()Z;)[“’]

)

which shows that (AF (zg, z1)[w + w'] = (AF (20, z21)[w] + (AF (29, 2z1)[w'] as desired.
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The argument in the general case is similar. To show linearity of F(zq,...,zg)[w1,. .., w,]
in wj, we consider replacing w; by w; + w; The block 3 x 3 matrix used above is replaced by

_Z() Clwl 0 0 0 0 0 0 1

0 21 0 0 0 0 0 0

0 0 Zj—2 ijle;l 0 0 0 0

0 0 0 Zj_1 0 ¢w; 0 0

0 0 0 0 Zj—1 Qwé 0 0

0 0 0 0 0 Z; 0 0

0 0 e 0 0 0 0 P o | (kwk
0o 0 ... 0 0 0o 0 ... 0 9z |

and the intertwiners are replaced by

a B 0
1no+~~'+nj71 D |:O 0 1:| 2] ]-nj+1+~~-+nk

where «, 8 = 0,1 and where n; is the size of the matrix z;j. O

2.4 Taylor-Taylor Expansion

We have defined the derivative operators A*F using the matricial structure of F. Now we will
show that these same operators A*F describe the differential and analytic properties of F', and
in fact that F' has local power series expansions in terms of A*F. We begin with the finite
Taylor-Taylor expansion. This formula is named for Brook Taylor, who invented the original
Taylor expansion, and Joseph L. Taylor, who pioneered the theory of non-commutative (fully
matricial) functions.

Lemma 2.4.1 (Taylor-Taylor Formula). Let F' : Q1 — Qg be a fully matricial function. Let

2y € an) and m > 1 and suppose that B(”m)(zém),r) Cc anm). If z € Bijz/i(zo), then

[\

m—

F(z) = AFF (2, 2)[2 = 2ay ooy 2 — 2+ AT F (2, 20, oo 20)[2 = 2ay e s 2 — 2],
k=0

where the k =0 term in the sum is to be interpreted as F(z.).

Proof. Observe that the m x m block matrix

2 Z— Zy 0 0 0 0
0 Zx Z— 2y 0 0 0
0 0 Zy 2 — 2 0 0
710 0 0 0

o
(en]
(an)

Zy Z— Zx
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is in B(”m)(z,(km), r) € Q™) provided that ||z — z.|| < 7/v/2. We have the intertwining relation
1 1... 1zZz=z[1 1 ... 1],

and therefore,
1 1... 1|]F(Z)=F(z)[1 1... 1].

Looking at the rightmost block of [1 1... 1] Fm)(7) and applying the definition of AFF,
we have

m—1
F(zo)+ Z AFF(zy o 2) 2= 2ar e 2= 22 F AT F (2, 24y 20) 2= 2y oo oy 2— 20] = FM(2).
k=1

O

Next, we give a non-commutative analog of the Cauchy estimates from complex analysis,
which will help us prove convergence of the infinite Taylor-Taylor series. In the following,
|AFF (20, ..., 2)| denotes the norm of A¥F(zy, ..., z;) as a multilinear form between Banach
spaces, that is,

|A*F (20, ..., z1)|| = ” squ HAkF(zo, oz [w, . w] |
w4 S].

Lemma 2.4.2. Let F': 1 — Qg be fully matricial. Let Z = wy @ - - ® wy, where z; € anj)
and let N = ng+ -+ +ng. Suppose that B (Z, R) C Q1Y) and F(B™)(Z, R)) € B™)(0, M).
Then

M
|A*F(z,. .., 2)|| < T for k> 1. (2.4.1)
Proof. Suppose that ||wi|| <1, ..., |lwk| < 1. For r < R, we have
2o Twyp ... 0 0
0 =z ... 0 0
We=1: 1 € BY(Z,R),
0 0 e Zk_1 TW
0 0o ... 0 2k

and hence ||F(W) — F(Z)|| < M. Looking at the top right block of F(W) — F(Z), we obtain
|F(zo,...,2K)|[rwi, ..., rwg]|| < M.

Because this holds whenever » < R and |lw;|| < 1, we have proven (2.4.1)). O

Lemma 2.4.3. Let F': Q1 — Qo be fully matricial. Let z, € QYL), and suppose B(z., R) C
and F(B(z.,R)) C B(0, M). Then for z € B (z., R), we have

oo

F(z)= ZAkF(z*, vz — ey 2 — 24 (2.4.2)
k=0
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Proof. Tt follows from Lemma that the power series on the right hand side of (2.4.2))
converges when ||y — z|| < R. It remains to show that the sum of the series is F(y). If we
assume that ||z — z.|| < R/v/2, then by Lemmam

[

m—
F(z) = ZAkF(z*,...,z*)[z—z*,...,z—z*]—|—AmF(z,z*,...,z*)[z—z*,...,z—z*].
k=0

Now if ||z—z«|| < R/2, then we have B(z., R/2) C B(z«, R) and hence F(B(z, R/2)) C B(0, M).
Hence, by Lemma [2.4.2]

2M ||z — 2™
IA™F (2, 20, 2|z — 20y 2 — 2| < e 2L
(R/2)™

which vanishes as m — co. Therefore, (2.4.2]) holds when ||z — z.|| < R/2.

To extend (2.4.2) to y € B (z,, R), we use complex analysis. Fix z € B(")(z,, R). Note
that for any state ¢ on A" and for |¢| < R/2||z — 2.]|, the function

9Q) =00 F(z+((z—2)) =Y oo A F(a,... 2)[z — 20y 2 — 2]

k=0

is a scalar-valued analytic function. Now because F' has also has a local power series expansion
centered at z+ ((z — z.) whenever z, 4+ ((z — z,) is in the domain of F', we see that g is actually
analytic for || < R/||z — z||. It follows that the power series expansion for g centered at 0
converges to g when || < R/||z — z«||. Thus, taking ¢ = 1, we obtain

¢ o F(z) :Z(boAkF(z*,...,z*)[z—z*,...,z—z*],
k=0

and because this holds for arbitrary states ¢, we have proved (2.4.2]). O

2.5 Matricial Properties of AFF

We will now describe how A¥F(z, ..., z;,) behaves when we replace one of the z;’s with a direct
sum. As a consequence, we will evaluate AkF(z(()n), e z(()n)) as a type of matrix amplification
of A*F(zp,...,2), and hence derive a Taylor-Taylor expansion around a point z which will
hold not only on a ball B (z,r), but on a fully matricial ball B(zo,7). As a first step, we

describe how the direct sum property of F carries over to A*F.

Lemma 2.5.1. Forj=1,...,k—1, we have

k / / Wj+1
A F(Zo,u-,zj—hzj ®Zj72j+17~~~72k) Wi,y .-y Wi—1, [wjﬁwj} ) [w’ y Wj42, .-, Wk
Jj+1
_ Ak
=A F(Zo,...,ijl,Zj,ZjJrl,..ka) [wl,...,wj,l,wj,wjﬂ,wfrg,...,wk]
k / ’ ’
+A F(Z(),...,Zj,1,2j72j+1,...72k) [wh...,wj,hwj,wjﬂ,wﬁr%...,wk] .

In the endpoint case j = 0, the same holds with the terms w; and w; left out, and the endpoint
case j =k, the same holds with the w;1 and w;-Jrl left out.
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Proof. To simplify notation, first assume k = 2 and j = 1. Using the intertwining

Gwr 0 0

20
10 00 20 Gwy 0 [ {1 0 0 0
0100820120,5253:021@020100,
1 2Wa
0 0 0 1 0 0 0 o 0 0 29 0 0 0 1
we deduce that
_ RE
AQF(Z(), 21 D le, 22) [wl 0] y wz = AQF(ZQ, 21, Zg)[’lUl,’wg].
A similar argument shows that
A2F (29,21 @ 2}, 22) [0 wi], ?wuz = A%F (20, 2], 22)[w], wh)].
Then by linearity of A2F(zo, 21 @ 2}, 22) in the first w coordinate, we get
AF (20,21 @ 21, 22) {[wl wi] ; B?H = A%F (20, 21, 20)[w1, wa] + A%F (29, 2, 22)[w], w}).
2

The argument for the general case when 1 < j < k—1 is the same except that we must augment
our intertwining matrix by taking the direct sum with copies of the identity at the top left and
bottom right (compare the general case of Lemma . The endpoint cases have a similar
but simpler argument. O

Now we generalize the previous lemma to replace each z; by an arbitrary direct sum.

Lemma 2.5.2. Let Z; be the R; x R; block diagonal matriz
Zj =21 @ - D 2R,

where the block zj, is nj, X nj, and j runs from 0 to k. Let W; be an R;_1 X R; block matriz
where the (r,s) block w; s has dimensions nj_1, x njs. Then AFF(Zo, ..., Zp)[Wh, ..., W]
is an Rg X Ry, block matriz where the (r,s) block is given by

k
E A F(ZO,W Rl,rys s Rh—1,rp_15 Zk,S)[wLT,TlﬂwQ»ﬁJ’w s 7wkfl,rk,—fz,rk,—wwkﬂ’k—hs}'

T1yTk—1

Remark 2.5.3. In the last lemma, the conditions on the dimensions are such that it would make
sense to multiply the matrices ZoW1 275 ... Wi Z), together. The lemma asserts that block entries
of AKF(Zy, ..., Zy)[Wh,..., W] is computed from A*F evaluated on the z;,’s and w; . ’s in
the same way as we would evaluate the matrix product ZoW12; ... Wi Zy in terms of products
of the z;,’s and w; , 4’s.

Proof of Lemma[2.5.4 We fix k and proceed by induction on the total number of direct sum-
mands of the Z;’s. If some Z;j has more than one direct summand, we can break Z; into the
direct sum of z;1 @ ...z r,—1 and z; g; and then apply Lemma [2.5.1} and thus reduce to an

earlier stage of the induction. O
Now restricting our attention to the case where z; 1 = - - - = z; g, we will write AkF(zémo), .
as a matrix amplification of A¥F(zg,...,2;), and in particular, we will be able to evaluate the

derivative AFF (szm), . zim)) used in the Taylor-Taylor expansion.
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Definition 2.5.4. Let Vy, ..., Vi and V be vector spaces and let A : V; X --- XV — V be a
multilinear form. Choose indices mg, ..., mg. We then define the multilinear form

A(mo,---7mk) : Mmoxml (Vl) XX Mmk—lxmk(Vk> - Mmoxmk (V)

by
[A(mo,---,mk)(,uh e 7Uk)]i,j = Z A[(Ul)ioﬂ'w R (Uk)mk—lamk]
1=10,01,-- 50k —1,0k=]
We will sometimes denote the matrix amplification A("0~#) simply by A# when we do not

wish to specify the indices my, ..., mg.

In particular, let F' : 1 — 2y, where ; is a fully matricial domain over A;. Let z; € anj)

for 7 =0,...,k. Then we have a multilinear form
AkF’('ZOa .- '7Zk) : Mnoxnk(Al) XX Mnk,lxnj (»Al) - Mnoxnk(-AQ)-

If we choose indices mo, . . ., my, and identify My, sm; (Mo, xcn; (A1) With Mo, s xongm; (A1),
then we have by Lemma that

AlcF(Z(()mo) ZIE;mk)) AkF(Zo,...,Zk)(mo“"’mk).

We now state a version of the Cauchy estimates and Taylor-Taylor expansion that take
into account matrix amplification, beginning with a norm for multilinear forms which is stable
under matrix amplification.

Definition 2.5.5. Recall that the norm of a multilinear form on My, xn, (A) XXMy, _; xn, (A) —
M xn,, (A) is given by
Al = sup [[Afwr, . wi]ll

[lw s Jwp <1

so we define the completely bounded norm as

HA”#: sup ||A(m0,...,mk)||.

mo,...,Mk
We say that A is completely bounded if || Al < +o0.

The next corollaries follow immediately from Lemma [2.5.2
Corollary 2.5.6. We have A*F(z; (mo) .. 7zSn’“)) = [AFF (2, . .., 24)](Mosome)

Corollary 2.5.7. Suppose that F : Q1 — Qg is fully matricial and B(z.,R) C Qi and
F(B(2+, R)) € B(0,M). Then |AFF (2, ..., 2:)|l2 < M/R".

Proof. Note that B(zx (mo) ... @ zim’“),R) C B(z«, R) C Qy, so it follows from Lemma m
that v
kg, (mo) (mx)
JARFGEE, LA™ < o 0
Corollary 2.5.8. Let F': Q1 — Qo, let z, € an), and suppose that F(B(z., R)) C B(0, M).
Then for z € B(”m)(zfﬁm), R), we have

Z [AFF (20, ..., 2,)] ™) (2 — A™ e zim))
k=0
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This amplified power series expansion will allow us to compute and to estimate the deriva-
tives of F' at points in B(z,, R).

Proposition 2.5.9. Suppose that F : Q) — Qy is fully matricial, z, € Q™ and B(z,, R) C O
and F(B(z.,R)) C B(0,M). Let z, ..., 2 be points with z; € B"™)(0, R). Then we have
AkF(z£mO) + 20y, ngk) + zk)[wl, ey wk]

= Z Aot btk B 2 )20y ey 20, Wy 21y e ey 21y e e ey Wiy Zhy oo vy 2] (2.5.1)
—— N—— ——

mo,...,mp >0 S 0 s

In particular,

M
IARF(m) 4+ 20, 2™ 4 2|l < (2.5.2)
=Rzl (B~ [zl
and
MY E Iz

IAFF () 4 20, 2™ 4 2) = ARF(L™) L2 < = ,

=R~ zll) .- (R~ [zl
(2.5.3)

Proof. Note that to compute the derivatives, we may restrict our attention F(™ for m e N.

Since F(m™) (7 — zim)) is defined on B(0(™, R), we may assume without loss of generality that
2, = 0", Furthermore, we denote

Ay = AFF(z,,...,2%),
so that

F(z) = ZAk#(Z, . .,Z) fOI' z € B(O(n)aR)
k=0

Before performing the computation, we first show that the series converges absolutely and
estimate it. Observe that

Z AZ0+~~-+Ek+k[Z07 <y R0, W1, 815 e o5 By - e Whey By - - - azk}
Corernr >0 > > >
050l 2> 2o 0 05,
M ¢ ¢
< > Roor—Feerr 120l -l flwall - - Jw]
Lo,....,0x 20
Mjwall. . [[w]]

(B zol) .- (BRI’

where the last equality follows from summing the geometric series.

Now let us show that sum converges to AFF(zp,...,z)[w1,...,ws]. Consider the block
upper triangular matrix Z with the entries zg, ..., 2 on the diagonal, the entries w1, ..., wg
just above the diagonal, and zeroes elsewhere. By rescaling, assume that wi, ..., wy are small
enough that ||Z| < R. Recall that A¥F(z,..., zx)[wi,...,ws] is the upper right corner of
F(Z). The upper right block of Af(Z, ..., Z) is given by

> A (Zigirs s Zig s iy)-

1=10,%1,..., ip=k+1
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Because Z is block upper triangular with entries on the diagonal and directly above it, the only
nonzero terms are of the form

Af(zo,...,zo,wl,zl,...,zl,...,wk,zk,...,zk).
—— —_—— —_———
mo mi mi
Thus, we have
o0
k
AF(ZO,...7zk)[w1,...7wk]:Z Z Af(zo,...,zmwl,zl,...721,...,wk,zk,...,zk)
—— —_——— —_———
£=0 mo,...,mg >0 mo my my
mo+-tmpt+k=~
which is exactly (2.5.1)) in the case z, = 0(""),
We already showed that when z, = 00",
M

|A*F(zg,. .., 2)|| <

(B —llzoll) - (R = [lz&l))

(mo) (my) )
0 k

Because the same reasoning applies to A¥(z ey 2 and yields the same estimate, we

have bounded ||A*F(zq, ..., 2)|lx and proven ([2.5.2).
To prove ([2.5.3]), observe that

||AkF(Z0, R AkF(O("mU), o ,O(nmk))ll

< Z Afo+~~‘+€k+k[207"'az()?wlaZl?"'?Zlv"'7wkazka'"azk]
Lo,..., >0
0500l > Lo 2 Ly,
Lo+l >1
M
< > WHZOH%~~||Zk||é’“\|w1||--~||wk\|
20,00 0p>0

1 1
= M||wi]|... |lwgl <(R— Izoll) - (R—ll2]l) Rk) ’

ol
S E—Tel) . Rl

The same argument also applies to the matrix amplifications of A*F(z, ..., zx) and hence we
have bounded AFF (2, ..., 2x) — ARF(0M™0) . 0") in ||| 4. O

Corollary 2.5.10. F(z) and A*F(z,...,z) are uniformly locally Lipschitz functions z with
respect to ||-||x. That is, for every z., there exists r > 0 such that F(z) and AFF(z,...,2) are
Lipschitz on B(”)(z*, r), with Lipschitz constants independent of n.

Furthermore, the following lemma shows the multlinear forms in this amplified power series
expansion are unique. That is, any other sequence of multilinear forms Ay which satisfies the
equation in Corollary must be equal to A¥F(zy,...,zp). This lemma justifies many ways
of computing the derivatives of a fully matricial function F. As long as we obtain a power
series that converges to F' and the manipulation works for every size of matrices, then we must
have the correct answer. For applications, see Problems [2.6] and 2.7] below.
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Lemma 2.5.11. Let F': Q) — Qs and z, € Q§"). Let Ay : M,,(A1)* — M, (As) be a sequence
of multilinear forms. If for some r > 0, have

F(z) = Z Ag”"”’m)(z B z,ﬁm))
k=0

for z € B"™)(z,,r) for all m, then Ay = AFF(z,,...,2.). In fact, we need only assume that
the expansion holds when z — zﬁm) 1s strictly upper triangular and in B(”m)(z,(km)

rm > 0.

,Tm) for some

Proof. Fix k. Fix wy, ..., wg € M, (A) and let ¢y, ..., (x be small scalars. Let
_0 Clwl 0 e 0 0_
0 0 CQ’LUQ N 0 0
0 0 0 - 0 0
W = ]
0o o0 o0 0 0

Then we observe that

[0 A1(Gwr)  Ax(Gwr, Gws) . Ar(Crwn, ..., Cewy)

0 0 A1 (Cowo) . Ap—1(Gwz, . .., Cywy)
F(Z£k+1) LW = 0 0 0 Akfz(Csws:,...,Cku)k) !

0 0 0 0 0

and by examining the upper right block, it follows that

AFF(zy, . 2) (G, .. Goog) = Ag(Gun, - .., Goawy).

Thus, AFF(2,,...,2) = A as desired. O

2.6 Examples

Series of Multilinear Forms

Our first example is closely related to the material from the last section on the matrix amplifica-
tions of multilinear forms. We will characterize the fully matricial functions on the ball B(0, R)
(where 0 is the 1 x 1 zero matrix) as convergent series of multilinear forms. We remark that
the corresponding notion of formal power series of multilinear forms was studied by Dykema
[Dyk07].

Proposition 2.6.1. Suppose that Ay : AY — Ay is a completely bounded multilinear form and
that limsupkaHAkH;{k <1/R. Then

FO () =3 A, .. 2]
k=0
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is a fully matricial function on B(0, R) which satisfies A¥F(0,...,0) = Ay. Moreover, F is
uniformly bounded on B(0,r) for each r < R. Conversely, if F' is a fully matricial function on
B(0, R) which is uniformly bounded on B(0,r) for each r < R, then F can be written in this
form, where Ay, = AFF(0,...,0).

Proof. Let Ay, be given with limsupk_,ooHAkH;/k < 1/R. Choose r < R and let r < v’ < R.

Then for k greater than or equal to some N, we have ||Ag|| < 1/r’. This implies that for
||z]] <7, we have

oo N-1 [e%e}

MNyeury T v r k
SIAT a2 S Akl + Y () < +oe.
k=0 k=0 k=N

This shows that the series converges uniformly on B(0,7) and defines a function F' which is
bounded on B(0,r) for each r < R. To show that F' is fully matricial, suppose zT' = Tw
where z € B™ (0, R) and w € B (0, R) and T € M,,»,,(C). A direct computation from the
definition of the matrix amplification of multilinear forms shows that

Af(z,...,z)T:Ak#(z,...,z,zT) :Ak#(z,...,z,Tw) :Ak#(z,...,z,zT,w) =...
~-~:Azé(Tw,w,...,w) :TAzé(w,...,w).

Therefore, F'(2)T = TF(w) as desired.
Now consider the converse direction. Suppose that ||F(2)| < M, for ||z|]] < r < R. By
Corollary we have ||Ag|lg < M,/r¥, so that limsup,_, .. [|A*F(0,... ,O)||;&/’C < 1/r. Thus

holds for all » < R, and so lim supkﬁooHAkF(O,...,O)H;/k < 1/R. Moreover, by Corollary
2.5.8, F(z) is given as the sum of A*F(0,...,0)%[z,...,2]. O

Non-Commutative Polynomials

In particular, if F(X) = apXay ... Xax is a monomial in A(X), then there is a correpsonding
multilinear form

A (21,00, 28) & ap2107 .« . . 2,0
Note that
A(”)(zl, ce2) = a(()")zlagn) . zka,(cn).
Thus, |AM™ || < |laoll...|lak||, so that A is completely bounded. Thus, we can define a fully

matricial function by
FM () =AM (z,... 2) = aén)zagn) . za,(gn).

By linearity, for every non-commutative polynomial F(X) € A(X), the function F(z) is fully
ﬁ

matricial on M, (A). Moreover, the derivatives A*F are computed as in Lemma For
example, if F(z) = apzay ...zap and if 2o,. .., z; € A, we have
k
A¥F(z0,. .., zk) w1, ..., wg] =
E (aozoal N Zoagl_l)wl (aglzlagﬁ_l ce Zlagz_l) ce wk(agkzkagk+1 N Z;Cag).

1<0y <lo <<l <L
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2.7 Algebraic Operations

Proposition 2.7.1. Suppose that F,G : Q — My(A) are fully matricial. Then so are F + G
and FG.

Proof. Note that if 2T = T'w for some scalar matrix 7', then we have

(F+G) )T =F)T+G2T=TF(w)+TGw)=T(F + G)(w),
and

(FG)(2)T =F(2)G(2)T = F(2)TG(w) = TF(w)G(w) = T(FG)(w),

so that F' + G and F'G respect intertwinings. To show F' 4+ G and F'G are uniformly locally
bounded, pick zg € Q™) Then F is bounded by M on some ball B(zp, R1) and G is bounded
by Ms on some ball B(zg, Rs). Letting R = min(R;, Rg), we have

|z— 2| <R = ||[F(2) + G(2)|| < My + Mz and |F(2)G(2)|| < My Mo.

O

Lemma 2.7.2. The sequence of sets Q") = {z € A : z is invertible} is a matricial domain
and the function

mv:Q > Q:zw 27t

is fully matricial.
Proof. Note that € respects direct sums and is nonempty. To show that € is uniformly open,

suppose that z € Q. Then we claim that B(z,1/|[z7"||) is contained in €. To see this note
that if w € B(z,1/||z7!]|), then the series

wl=—-Cz-w)] =l —w) T = Zz_l[(z —w)z 1k
k=0

converges and we have

This same estimate shows that inv is uniformly locally bounded.
To show that inv respects intertwinings, suppose that 27" = Tw. Multiplying by z=" on the
left and w™! on the right yields Tw=! = 27T or inv(2)T = T inv(w). O

1

Proposition 2.7.3. Suppose that F : Q1 — Qs and G : Qo — Qg are fully matricial. Then so
is Go F.

Proof. To show that GoF respects intertwinings, suppose that 27" = Tw. Then F(2)T = TF(w)
and hence G(F(z))T = TG(F(w)). To show uniform local boundedness, pick a point z;. By
uniform local boundedness of G, we can choose R and M > 0 such that G(B(F(zp),R)) C
B(0, M). But by Corollary there exists an R’ such that F(B(zo,R')) € B(F(z0), R).
Thus, G o F is uniformly bounded on B(zg, R'). O
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2.8 Inverse Function Theorem

We now present an inverse function theorem for fully matricial functions. For background and
related results, see [Voi04, §11.5], [AKV13|, [AKV15|, [AM16]. In particular, the following
result is a version of [AKV15, Theorem 1.4].

Theorem 2.8.1. Let z, € M,(A) and w, € M, (B). Suppose that F' : B(z., R) = B(w., M) is
fully matricial with F(z.) = w.. Suppose that Ay = AF(z,, z.) is invertible with ||A]'||x < K.
Then there exist r1 and o such that the following holds.

1. For each w € B(wx,12), there exists a unique z € B(zy,r1) with F(z) = w.
2. The inverse function F~': B(w.,r2) — B(2«,71) is fully matricial.

More precisely, we can take
R MK _ R MK
r = P1 }% ) ro = }{—p2 }% )

t1/2
=1— ——r t) =142t —2tY2(1 4 1)/2.
n=1- gy ml =1+ (1+1)
Proof. First, consider the special case where A = B, z, = 0, w, =0, R =1, and A; = id.
Let Ay = A*F(0™,...,00"). For w € M,,,(A), note that F(z) = w if and only if z is a fixed
point of the function

where

oo

Hw(z):w—l—z—F(z):w—ZAk(z,...,z).
k=2

We want to show that if r and w are sufficiently small, then G,, defines a contraction B 0,7) —

B (0,7) and hence has a unique fixed point in E("’”)(o, 7).

To determine when H,, is a contraction, we estimate H.,(2)—H,(z). Let Ay = A*F(0™, ... 00).
Then for ||2’|| and ||z]| < 7, we have

1Hu(2) = Hu() < D l1Ak(z, - 2) = Ax(Z, ., )]
k=2

oo k—1

§ZZHA;€(2,...,2,272

k=2 j=0 ) PR

oo
< MZ Erk=z — 2|
k=2

_ M (M _ 1) Iz — /||

Therefore, H,, is a contraction provided that

M<(1_1r)21)<1

or equivalently r < p1(M).
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To determine when H,,(z) maps B("™)(0,r) into itself, note that for ||z|| < r

1Hu () < llwll + D lAk(z, - 2)]
k=2

Mr?

1—7

< Jlwl +

Thus, we have ||H,,(z)|| < r provided that

Mr?

lwl < w(r) i=r— 7=

Altogether, we have shown that r < p1(M) and |Jw| < ¥(r), then H, is a strict con-
traction B(™™(0,7) — B (0,r). Therefore, by the Banach fixed point theorem, H,, has a
unique fixed point in B (0, 7). We denote this fixed point by G (w). Thus, G(™") is a
function B 0,%(r)) — P(mn)((),r) for r < p1(M). By uniqueness of the fixed point, the
value of G(w) is independent of the choice of r, so G defines a function on the union of the
balls F(mn)((),z/}(r)) for r < p1(M). But ¢(p1(M)) = p2(M), and thus G defines a function
B(0™, p2(M)) = BO™, pi(M)).

We claim that G is fully matricial. Consider a similarity w’ = SwS~! where 2,2’ €
B(0™) | py(M)) and S € GL,(C). For r sufficiently close to py (M), we have |Jw|, || < 1 (r).
Note that F(SG(w)S™1) = SF(G(w))S~! = SwS~! and thus by uniqueness of the fixed point
for Hg,g-1 on B (0,7), we have G(SwS™') = SG(w)S~!. The argument for direct sums
is similar.

This completes the proof in the special case where A = B, z, = 00", w, = 0", R = 1,
and A; = id. Now consider a function F' which satisfies the hypotheses of the theorem in the

general case. Let
1

Fom () = TAT)#IFO™ (Re 4 2,) — w.].
Then F is a fully matricial function B(0™ 1) — B(0™, MK/R). The previous argument
yields an inverse function G : B(0), po(MK/R)) — B(0™), p;(MK/R)). The inverse function
to F'is given by
1
R
and this function is defined B(w,, (R/K)p2(MK/R)) — B(z, Rp1(MK/R)). O

Glw) = AG 0¥ = w]) + 2.

Remark 2.8.2. Curiously, 1(r) is maximized when r = py(M). Thus, the choice of r which will
guarantee that H,, maps B(™™(0,r) into B(™™(0,r) for the largest range of w is r = p; (M).
This is the same as the largest choice of r which will guarantee that H,, is a contraction.
Remark 2.8.3. In fact, the proof never used directly the fact that F'(B(z., R)) C B(ws, M). It
only used the Cauchy esimate

M
|ARE (s, 2] € 2

Thus, the conclusion of the theorem holds when we replace the boundedness assumption by
this Cauchy estimate.

Furthermore, the inverse function depends continuously on the original function F' in the
following sense.
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Proposition 2.8.4. Let F,G : B(z«, R) = M(B) be fully matricial. Suppose that
F(B(z«, R)) C B(F(z+), M), G(B(z«, R)) C B(G(z4), M).
Suppose that AF(zy, z.) and AG(z, z.) are invertible with
|AFGa2) e <K, 1AG(,2) g < K.
Let r1 and ro be as in Theorem and let
F~': B(F(2.),7r9) = B(2s,71), G™': B(G(24),79) = B(2s,71)

be the inverse functions given by that theorem. If we have

T
sup  [|[F(z) - G(2)|| < 32
2EB(2z4,71)
then 9
_ _ T
sup  [[FTH(w) G 1(w)llﬁﬁ sup  [[F(z) — G(2)].-

weB(G(w),r2/3) 2 2€B(z.,m1)

Proof. Let w € B(G(z«),72/3). Note that B(G(z«)r2/3) C B(F(2.),2r2/3) and hence F~1(w)
is defined. Now let w’ = F' o G~!(w) and note that

Flw) -G M w)=F w) - F 'oFoG ! w) = F ' (w) — F*(w).

Moreover, we have
hw— '] = [Go G w) ~ FoGTl(w)| < sup |[F(=) - (=) < 2.
2EB(z4,71) 3

Now because F'~! maps B(z.,72) into B(F(2.),71), we have by Lemma and Proposition
259

I~ w) = P @)l = AP ](w, o) w = ']

1

< llw —w'l|.
(ra = [lw = F(z:) ™) (r2 — lw’ = F(z) ™)
But w € B(F(z4),72/3) and w’ € B(F(zx),2r2/3) and therefore
F~lw) - F ()] < = w—w'
1P w) = P )] £ et = ]
9r
-5 sup  [|F(z) - G(z)]. 0

— 2
27'2 2E€B(zx,r1)

2.9 Uniformly Locally Bounded Families

In complex analysis, the identity theorem states that if two analytic functions on a connected
domain € agree in a neighborhood of a point zg, then they must agree on §2. Another related
result is that if a sequence of functions f, is uniformly locally bounded, and if f,, — f in a
neighborhood of a point, then f, — f locally uniformly on €.

More generally, for a family of functions which is uniformly locally bounded, the topology of
local uniform convergence on {2 is metrizable with the metric given by sup.¢ g, ) 1f(2) —g(2)|-
In fact, for various choices of zg and r, we obtain equivalent metrics.

We will now describe the fully matricial analogues of these results.
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Definition 2.9.1. A fully matricial domain € is connected if z and w are in Q™ then there
exists m > 0 such that ("™ and w(™) are in the same connected component of Q")

Definition 2.9.2. We say that a family F of fully matricial functions Q — M, (B) is uniformly
locally bounded if for every z, € ), there exists R > 0 and M > 0 such that

sup ||F(2)|]| < M for all F € F.
zE€B(z«,R)

Definition 2.9.3. Let F be uniformly locally bounded family of fully matricial functions
Q — Mo (B). For z, € Q, we denote

rad(zy, F) = sup {R >0:sup sup | F(2)| < —|—oo} ,
FEF 2€B(0,R)

and we call rad(z,, F) the radius of uniform local boundedness of F at z..

Definition 2.9.4. Let F be uniformly locally bounded family of fully matricial functions
Q0 — M,(B). For z, € Q and r < rad(z,, F), we define

dz o (F,G) = sup  |[F(z) = G(2)]|

2EB(z«,T)
and -
d, .(F,G)= ZrkHAkF(z*, o 2e) = ARG (2, 2) | %
k=0

Definition 2.9.5. Let d; and dy be metrics on a set X'. We say that d; < dy if the map
idx : (X,d2) — (X,d1) is uniformly continuous. In other words, for every € > 0, there exists
6 > 0 such that

da(z,y) < 0 = da(z,y) <e.

We say that di and do are uniformly equivalent or dy ~ dy if we have d; < do and do < dy.
Note that < is transitive and ~ is an equivalence relation.

Theorem 2.9.6. Let ) be a connected fully matricial domain. Let F be a uniformly locally
bounded family of fully matricial functions Q1 — M(Asg).
1. For z, € Q and r < rad(z., F), the functions d,, , and d,_, are metrics on F.

ZusT

2. All the metrics in the collection {d,, r,d,, , = z« € Q,r < rad(z., F)} are uniformly
equivalent to each other.

Proof.
Step 1: From the definition d,, ,, we see that d., , is finite, satisfies the triangle inequality,
and satisfies d., ,(F,G) = d., »(G,F). To show that d , is finite, choose R with r» < R <

rad(z., F). By applying the Cauchy estimates (2.5.2), we see that for some constant M, we

have Y
AR — )z )l <

so for r < R, we have

> rFARF = G) (2, 2) |4 < o0
k=0
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It is also immediate that d., , satisfies the symmetry and triangle inequality properties. In
other words, d., , and d’_, are pseudometrics.

Step 2: We claim that d., , < d, ,.. Note that for z € B (2, 1), we have

3

I(F - G)(2)| ZHA’“F G)(z*,...,z*)#[z—z£m>,...,z—z£’">]H

8|\

ZHA’“F G)(zx, - .,z*)H#rk

k=1

and hence d, , < d, .
Step 3: We claim that for 71,72 < rad(z«,F), we have d, , < d., r,. First, choose R with
r1 < R < rad(z.,F), choose M such that

sup [|[F(z)[| <M
zEB(z«,R)

and note that by the Cauchy estimate (2.5.2)), we have

2M
[AR(F = G) (e, 20)ll < o

By the same estimate we have

., (F, G)

||Ak(F_G)(Z*7"‘7Z*)H# < ok
2

Thus, we have

d., . (F,G) =Y rf|ANF = G) (2, 2

<Y den(F,0) ( ) +Z2M< 7
k=0

_ (ri/ra)¥ =1 2M(ry/R)"

—dz*,rg(F7G) 7’1/7"2_]- ]_—’r‘l/R

If € > 0, then by choosing N large enough, we can make the second term smaller than €/2.
After we fix such an N, then if d, ,, (F G) is sufficiently small, then the first term will also be
less than €/2. This shows that d . < d., -

Step 4: Using Steps 2 and 3, we see that for r1,ry < rad(z., F), we have

d <d. <Sdiy s,

24Tl ~O Pz, 1~

so the distances d., , are equivalent for different values of r. Similarly,

!
dZ*,Tz’

dlz*,rl 5 dz*,”‘z ~

so the distances d’_,. are equivalent for different values of r. Finally, the distances d., , and
d,, , are equivalent.

Step 5: Let us write z ~ 2’ if the pseudometrics d, , and d,/,s are equivalent for some r

and ' (or equivalently for all » and r’). This defines an equivalence relation on ;. We claim
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that each equivalence class is uniformly open. To see this, fix z, € Q"). Choose an R > 0 and
M > 0 such that

sup sup | F(2)| <M.
FEF 2€B(0,R)

Suppose that z € B (z,, R/3). Then B(z,2R/3) C B(z., R) and hence 2R/3 < rad(z, F).
Also, since B(z,2R/3) C B(z., R), we have

d.or/3 < d., R

On the other hand, we also have Hz*m) —z|| < R/3 and hence B(zﬁm)7R/3) C B(z,2R/3).
Using the fact that F' preserves direct sums, we have

dsry3(FLG) = sup  ||F(w) — G(w)]
wEB(z«,R/3)
= sup [[F(w™)—Gw™)|
wEB(z«,R/3)
< sup  [[F(w) — G(w)]
w'eB(=",R/3)

<d.ar/3(F,G).

Therefore, we have d., r/3 < d.2r/3 < d., r and hence z ~ z,.

Step 6: Now we show that any two points z; € Q™) and z, € Q) are equivalent.

Note that because € is connected, there exists m such that z%mm) and zémm) are in the same

connected component of Q("172™) - Ag a consequence of Step 5, the equivalence classes of points

in Q(172™) are open subsets of Q("1"2™)  Each equivalence class in Q™72 is also relatively

closed because its complement is the union of the other equivalence classes. Because z§n2m)

1m) §n2m) ~ Zénlm)

are in the same connected component, we must have z . As another

(ngm) (n1m)
1 2

and zén
consequence of Step 5, we have z; ~ z and z9 ~ z and therefore z; ~ z9.

Step 7: We have now shown that all the pseudometrics in claim (2) are uniformly equivalent.
As a consequence if d,, .(F,G) = 0 for some z. and r, then this holds for all z, and r which

implies that F' = G. Therefore, each d,, , is a metric. O

Corollary 2.9.7 (Identity Theorem). Let Q C M,(A) be a connected fully matricial domain,

and let F,G : Q — My(B) be fully matricial functions and z, € Q(I"O). The following are
equivalent:

1. AFF (2, ..., 20) = AFG(24, ..., 24) for all k.
2. F =G on B(zx, 1) for some r > 0.

3. F=G on .

Proof. Note that the family {F, G} is uniformly locally bounded. Hence, this follows immedi-
ately from Theorem [2.9.6 O

Another consequence of the theorem is that if a sequence {F},} is uniformly locally bounded,
and if F}, converges uniformly in a neighborhood of a point, then it converges on all of 2 in the
following sense.
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Definition 2.9.8. We say that a sequence F), of fully matricial functions 2 — M, (B) converges
uniformly locally to F if for every zy € Q("0), there exists R > 0 such that

lim sup ||F.(z)—F(2)| =0.
n—co 2€B(z0,R)

Lemma 2.9.9. If F,, is fully matricial and F,, — F uniformly locally, then F is fully matricial.

Proof. Note that F respects intertwinings because zT = Tw, then

F(z)T = lim F,(2)T = lim TF,(w) =TF(w).
n—oo

n— oo

To show that F' is uniformly locally bounded, fix zg. There exists R > 0 and n such that
SUP.eB(z,r) [ Fn(2) — F'(2)]| < 1. Since F), is fully matricial, there exists r and M such
SUP.ep(z.,m [#n(2)|| < M. This implies that ||F(2)[| < M +1 for z € B(z., min(r, R)). O

Corollary 2.9.10. Let  be a connected fully matricial domain and let F,, : Q@ — M4(B) be a
sequence of fully matricial functions which is uniformly locally bounded. Let z, € Q). Then
the following are equivalent:

1. For every k, the sequence AFF, (2, ..., z.) converges with respect to ||| 4.
2. For some r > 0, the sequence F,, converges uniformly on B(z.,r).
3. There exists some fully matricial function F such that F,, — F uniformly locally on §2.
Proof. Suppose that R < rad(zs,{Fy,}). Using the Cauchy estimates, we see that
oo
> RFAF(F, = F)(ze, . 2) |2
k=0

converges absolutely and the rate of convergence is independent of n and m. Therefore, (1)
occurs if and only if {F,} is Cauchy in d,, r. Because the metrics in Theorem are
uniformly equivalent, they preserve Cauchy sequences. Hence, {F,} is Cauchy in d., g if and
only if it is Cauchy in d,, for every z and r < rad(z,{F,}). This is equivalent to (2) and
equivalent to (3) in light of Lemma [2.9.9 O

2.10 Problems and Further Reading
Problem 2.1.
1. For a fully matricial domain €2, define the similarity-invariant envelope Sim(€2) by
Sim(Q)™ = {82871 : 2 € Q™ S € GL,(C)}.
Prove that Sim(€2) is a fully matricial domain.

2. Let F': 1 — Q9 be fully matricial. Show that F' has a unique fully matricial extension
to a function Sim(;) — Sim(Qs).

Problem 2.2. Suppose that F is fully matricial and F(B(z, R)) € B(0,M). Show that
the finite Taylor-Taylor expansion in Lemma holds for all z € B(zg, R), not just z €
B(z, R/V?2).
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Problem 2.3. Let A : My pn, (Aoo) X -+« X My, | n, (A1) = My o, (A2) be a multilinear form.
Show that

Problem 2.4. Suppose that F': 1 — 5 is fully matricial, let z; € Q) and suppose that
F(B(z® - ® 2z, R)) C B(0, M). Prove that

M
HAkF(Z(), .. .7Zk)||# < ﬁ

Hint: Use Lemma 2.5.21 and Problem 2.11
Problem 2.5. State and prove a similarity-invariance property for A*F(zo, ..., z1).
Problem 2.6. Let F,G : Q3 — M,(Az) be fully matricial.

1. Compute the power series expansion of F'G by formally manipulating the power series of
F and G and appealing to Lemma [2.5.11] for justification.

2. Compute A¥(FG) (2o, ...,2x) directly using upper triangular matrices.

Problem 2.7. Let F' : Q1 — Qo and G : Q3 — Q3 be fully matricial. Compute the power
series expansion of G o F' at zy by formally manipulating the power series expansions of F' and
G and appealing to Lemma [2.5.11] (Compare [Voi04, §13.10].

Problem 2.8. Define what it means for a sequence of fully matricial functions to be uniformly
locally Cauchy. Show that a sequence is uniformly locally Cauchy if and only if it is uniformly
locally convergent.

Problem 2.9. Suppose that F,, : Q1 — M,(As) is a uniformly locally bounded sequence of
fully matricial functions. State and prove a version of Corollary [2.9.10] holds where uniform
local convergence is replaced by:

1. Pointwise convergence in [|-[|5s,, (4)-

2. Pointwise convergence in weak, strong, or o-weak operator topology with respect to a
given realization of Ay acting on some Hilbert space H.

3. Convergence in ||-||2 which is uniform on B(zg, R), where we assume that (A, 7) is a tracial
von Neumann algebra and ||z = [r ® Tr(2*2)]"/? for z € M, (A).

Further Reading

A systematic development of fully matricial function theory was given by Dmitry Kaliuzhnyi-
Verbovetskyi and Victor Vinnikov [KVV14]. The authors work in much greater algebraic
generality than we need here, replacing vector spaces over C with modules over a general
commutative ring. In particular, they describe how to extend the domain of the function to
a similarity-invariant envelope. They also show that the derivatives A¥F are higher-order
matricial functions, characterized by a more complicated versions of the similarity and direct-
sum conditions. We refer to their bibliography and introduction for a more complete list of
references.

We remark that the free difference quotient has also been used in the study of operator
modulus of continuity by Peller [Pel06], which will come up in our study of quantitative non-
commutative central limit theorems.






Chapter 3

The Cauchy-Stieltjes Transform

3.1 Introduction

Recall that the Cauchy-Stieltjes transform of a finite measure on the real line is g,({) =
Jo (¢ —1t)"tdu(t). The Cauchy-Stieltjes transforms of spectral measures are an important tool
for non-commutative probability both for computation and for analytic estimates. Some of its
most useful properties are the following.

1. For a compactly supported measure p, the power series coefficients of g, at oo are the
moments of .

2. There are simple and sharp a priori estimates on g, and its derivatives; for instance, if
Im( > e, then [97g,(C)] < u(R)/e 1.

3. There are straightforward analytic conditions that test whether a function g is the Cauchy-
Stieltjes transform of some measure.

Properties (2) and (3) together mean that if an analytic function g satisfies some simple
analytic conditions, then we obtain much more precise analytic information about g “for free.”

This chapter will prove analogous properties to (1) - (3) above for the fully matricial Cauchy-
Stieltjes transform of an A-valued law. The main theorem will be the analytic characterization
of Cauchy-Stieltjes transforms due to Williams [Will7, Theorem 3.1]. As motivation for this
result, and as an ingredient for the proof, we now state the analytic characterization of Cauchy-
Stieltjes transforms in the scalar case. Here Hy = {{ € C : Im( > 0} and H_ = {( € C :
Im ¢ < 0} are the upper and lower half-planes.

Lemma 3.1.1. Let g: Hy — C. The following are equivalent:
1. g is the Cauchy-Stieltjes transform of a measure p supported in [—M, M].

2. g is analytic, g maps Hy into H_, and §(¢) = ¢g(1/{) has an analytic extension to

B0, 1/M) satisfying 3(0) = 0 and g(C) = 5(0)
Proof. If g(¢) = [5(¢ — )" du(t), then clearly g is an analytic function Hy — H_. Moreover,
€)= [ =107 du(t)
which is analytic on B(0,1/M), preserves complex conjugates, and vanishes at 0.

43
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Conversely, suppose that g satisfies these analytic conditions. Recall that if u is bounded
and continuous on Hy and harmonic on H, then

u(¢) = — /R L — 1) tu(t) d;

™

this is because the integral on the right hand side is harmonic and bounded with the same
limiting values as u on the boundary of H . Letting us(¢) = Im g(¢ + id), we have

Img(¢ +1i6) = —/Im(( —t)_lilmg(t—l—zﬁ) dt.

R

Now — [(¢ —t)"'n~1g(t + id) dt is analytic on H. and has the same imaginary part as g(¢),
so they must be equal up to adding a real constant. But both functions vanish as ( — oo along
the positive imaginary axis, and hence

g(C +i6) = /R (€ — 1) dps(t),

where i
dus(t) = —=TImg(t +id) dt.
T

We want to define p as a weak limit of pus as § — 0. To accomplish this, we first show that s
does not have much mass outside [-R, R] for R > M.
Because §(¢) is analytic on B(0,1/M), we know that for e > 0, we have

(< 5 = 19(0)] < Cr

for some constant C'gz > 0. Then by Schwarz’s lemma for functions on the disk, we have

< 5 = 13(0)] < CrFcl

Therefore,

>R = |g(O <
Now Img = 0 on R\ [-M, M] and hence for |t| > R,
[Tm g(t + i6)| = |Im g(t + i6) — Im g(¢)|

< lg(t +id) — g(t)]

<§ sup |g'(t+1s)|
s€[0,6]

Now B(t+is, 3(|t|—R)) C {|¢| > R+5(|t|—R)} where g is bounded by C%/(R+(1/2)(|t|-R)) =
2C%/(|t| + R), and hence by the Cauchy estimates on derivatives,

2 201 4Cy

"(t +is)| < B = E_.
S G R R~ WP R

Thus,

. 4CR0
|Im g(t + i9)| < m
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In particular, letting M < R’ < R, we have

4C%,
pus(R\ [-R, R ga/ S . —;
E\CRR) <G [
where the integral is finite. Therefore, for each point (, we have
R
o0 = glc+i0)+06) = [ (€= ds(2) +0(0)

Moreover,
R R2
wo(l-R.R) < [ g () = ~2RImg (iR i0)
Thus, the measures yi5|[— g r] have uniformly bounded mass, and hence this family of measures
is compact. Therefore, for each R, there exists a sequence d,, such that us, |[— g, r) converges to

some limit p supported on [—R, R| as 6 — 0. In the limit, we have

9(C) = / (¢~ 1)V dpu(t).

Thus, for each R > M, we have g = g, for some p supported on [—R, R|. The moments of x
are uniquely determined by the power series expansion of g at oo, hence p is unique. Then u
is supported in [—R, R] for every R > M, so that u is supported in [—M, M]. O

3.2 Definition

We have seen in that the Cauchy-Stieltjes transform of an A-valued law should be viewed
as a fully matricial function over A rather than simply an A-valued function. To give the full
definition, we must first define the natural domain for the Cauchy-Stieltjes transform, which
consists of operators with positive imaginary part. Thus, we begin with the basic properties of
real and imaginary parts of operators.

Notation 3.2.1. For z € M, (A), we denote Re(z) = 1(z + z*) and Im(z) = (2 — z*).

Observation 3.2.2. The operators Re(z) and Im(z) are self-adjoint and z = Re(z) + i Im(z).
Moreover, if H is a Hilbert space or a right Hilbert A-module and z € B(H) and £ € H, then

Re(¢, 28) = (§;Re(2)€)  Im(¢, z6) = (€, Im(2)¢).

Lemma 3.2.3. Suppose that z € M,(A) and Imz > € > 0, where € is a scalar and the
inequality holds in A. Then z is invertible with ||z=1|| < 1/¢ and Im(2~1) < —¢/| 2]|2.

Proof. Note that M, (A) is a C*-algebra and hence can be realized as a concrete C*-algebra of
operators on a Hilbert space H. Then observe that for £ € H, we have

IENIZE]l = [(€, 26)] = Tm(€, 26) = (€, (Im 2)€) > (€, &) = e|€]|?,

which shows that ||z£]| > €||¢]| and hence ker z = 0 and Ran z is closed. On the other hand,
we have Imz* = —Imz < —e, so similar reasoning shows that ||2*¢|| > €||¢|| which implies
that ker z* = 0 and hence Ran(z) = H. Since ker z = 0 and Ran(z) = H, it follows that z
is invertible as a linear operator. Because of the estimate ||z£| > €||¢]|, we know that 21 is
bounded with ||z71]| < 1/e.



46 CHAPTER 3. THE CAUCHY-STIELTJES TRANSFORM

Finally, to show that Im(z~!) < —e¢/||z||?, note that for ¢ € H, we have

Im(g, 27'€) = Im(ez7"¢, 271€) = Im(27'¢, 2" (271¢))

= —Im(z7'¢, 2(271€)) < —elz7¢[* <

—€
||Z||2||£||27

using the fact that [|£]| = ||zz7 1| < ||2]|]|z €] O

Definition 3.2.4 (Fully Matricial Upper/Lower Half-plane). We define HS:')E(A) = {z €
M, (A) : Imz > €} and define HE:L) (A) = Ueso HTL(A) Finally, we define the fully matricial
upper half-plane as H (A) = (HSZL) (A))nen.

Similarly, we define H(,n)é(fl) ={ze M,(A) :Imz < —e} and ]HI(,H)(A) =U.so H@)(A).

Finally, we define HSZ%(A) ={z¢€ M,(A): £Imz > 0}.

Observation 3.2.5. H (A) and H_(A) are connected fully matricial domains (although H o(A)
and H_ o(A) are not because they fail to be open).

Proof. To see that Hy (A) respect direct sums, suppose z; € HT”(A) and z5 € HTZ)(.A). Then
Imz; > €1 and Im 25 > €y for some €1, €2 > 0. Then Im(z; @ 22) = Im 27 ® Im 25 > min(ey, €2),
so that z1 @ 29 € HTHF"Q)(A).

To see that H (\A) is uniformly open, suppose that z € H(f)(A). If Imz > e > 0, then we
have B(z,¢) C Hy (A). Indeed, if 2/ € B (2(") ¢), then

Im 2" > Tm(z™) — |20 — 2/|| = Im 2)™ — ||2™ —2/|| > e — ||2(™ = /|| > 0.

Furthermore, each ngn) (A) is non-empty and connected (in fact, convex), and hence H (A)

is non-empty and connected. The argument for H_(.A) is symmetrical. O

Definition 3.2.6 (Cauchy-Stieltjes Transform). Let ¢ : A(X) — A be a generalized law.
We define the Cauchy-Stieltjes transform G, as the sequence of functions G,(,n) : Hf)(fl) —
HYL’%(A) given by

G(2) =7z - X )7,
where X is the operator of left multiplication by X on A(X)®, A and 7(b) = (1®1,b(1®1)),
(as in Theorem [1.6.7)).

Note here that the definition makes sense because if z € HT), then for some € > 0, we have

Im(z — Y(n)) =1Im(z) > ¢,

)

which implies that z — Y(n is invertible.

Lemma 3.2.7. For a generalized law o, the Cauchy-Stieltjes transform G is a fully matricial
function. We also have
e

€

e HIU(A) = [|Gq(2)] <

€ =
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Proof. Let B be the C*-algebra generated by A and X. Note that the inclusion A — B is fully

matricial. Moreover, the function z — 2z — Y(n) is the sum of two fully matricial functions,
so it is fully matricial on M,e(A) and in particular on H; (A). Since inv fully matricial, so is

(z — Y(n))_l. Finally, o is a completely bounded linear map and hence is fully matricial by
Proposition so ™ [(z — X(M)~1] is fully matricial. O

In the future, we will simplify and slightly abuse notation by writing
GP(2) = o™z = X™)71],
that is, writing o instead of & even though o is technically only defined on (A)(X) and writing
X for the multiplication operator X.
3.3 Derivatives and Expansion at oo
Lemma 3.3.1. Let z; € My, (A) and wj € My, _,xn,(A). Then
ARGy (z0, ... 20)[wi, . .. wi] = (=1)Fa MM [(2g— X (M0)) "Ly (2 =X M) 71y (2= X)) 1]

and in particular if Im z; > €;, then

1ARGy (o ..z < 17D

60...6k

Proof. Denote
Z=(20-X")@ .. @ (z — X™).

Fix small scalars (3, ..., {x and define
_O Clwl 0 0 O—
0 0 CQ’U)Q 0 0
0 0 0 . 0 o0
W = ]
0 O 0 [N O Ckwk
0 0 0 . 0 0]
Note that if (3, ..., (x are sufficiently small, then
oM Z+W =X =MWz (14w (Z2-Xx )71 Z cM[(Z-XM) "YW (Z-x™)~1)],
7=0

where the expansion is truncated because WZ~! is nilpotent. By looking at the upper right
block, we obtain the desired formula for A*¥G,, and the upper bound for ||A*G, | follows
immediately using Lemma |3.2.3 O

Notation 3.3.2. We denote G, (2) = G, (2~") where defined.

Lemma 3.3.3. Suppose that o is a generalized law with rad(c) < M. Then Gy has a fully
matricial extension to B(0,1/M) given by

Go(z) = 0™[z(1 — X(My) ia )2)*].

k=0
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Proof. First, we observe that if =1 € H(f) (A), then

However, the latter function is also defined whenever ||z < 1/M. Now we claim that this
extension of G, is fully matricial on the domain

QO = {z: (1 - X"™ )1 is invertible} D B(0,1/M) U H, (A) UH_ (A),
where X is the multiplication operator on A(X) ®, A. The argument that Q™ is a matricial

domain is similar to the argument that invertible elements of a C*-algebra form a matricial
(n) —1
2)"]

domain. Moreover, 7™ [z(1 — X is fully matricial on Q because it a built out of the
inclusion A — B by translation, inverse, products, and application of &. O

Lemma 3.3.4. We have
Akéa(o(%), . ,0("’“))[101, oo wg] = a(""x”’“)[le("l)wg . X("’“*I)wk].

Proof. From the geometric series expansion, we have for z € B(" (0,1/M) that
B oo
Gy(z) = ZU(") [2(X ™ 2)*].
k=0

If we let A be the multilinear form
Ap(z1,y .. 2k) = o[z X 2z ... X 2],

then for every n and every z € B (0 1/M), we have

Therefore, by Lemma/2.5.11] we have A, = A*G,(0,...,0). The general formula for A*G, (00, ... 0(™))
follows from Lemma [2.5.2 O

Lemma 3.3.5. If ||z|| < 1/M, then we have

|G- < ﬂ“ﬂffi“

In particular,

2] < 1/(M +¢) = H@U(Z)H < le@Il

€

Proof. This follows by applying the triangle inequality to the geometric series expansion. [
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3.4 Analytic Characterization

The following theorem is due to Williams [Will7, Theorem 3.1] and Anshelevich-Williams
[AW16] Theorem A.1].

Theorem 3.4.1. Let G™) : H(f) (A) = M, (A). The following are equivalent:

1. G =G, for some generalized law o withrad(c) < M if and only if the following conditions
hold.

2. The following conditions hold:

(a) G is fully matricial.

(b) G maps HT)(A) into Y%(A)

(¢) G(z) = G(z7") has a fully matricial extension to B(0,1/M).

(d) This extension satisfies G(0) = 0 and G(z*) = G(2)*.

(¢) For every e > 0, there exists C. > 0 such that ||z|| < 1/(M + €) implies ||G(2)|| < C.
Proof of (1) = (2). Assume that (1) holds. We have already shown that (a), (b), (c), and

(e) hold in Lemmas [3.2.7] [3.3.3} [3.3.5] Moreover, (d) follows from power series expansion in
Lemma [3.3.3] O

The proof of (2) = (1) is more involved, so we will prove several lemmas before concluding
the proof of the Theorem. First, we define the map o : A(X) — A. The correct choice of o is
clear in light of Lemma

Lemma 3.4.2. Let G satisfy (2) of Theorem . Define o : A(X) — A by
o(20X 21 ... Xz,) = AFTLIG(0,...,0)[20, . . ., 22).
Then any R > M is an exponential bound for o™,
Proof. Because ||z|| < 1/R implies ||G(2)|| < Cr_nr, we have by Lemmathat
ARG, ..., 00| < Cr_mRF. O

Next, we show that o extends to the analytic completion of A(X). Fix R > M. As in the
proof of Theorem we define a norm on M, (A(X)) = M, (A)(X™) by

|F(X™)||g = inf Zp(Fj) : F; monomials and f = ZFj ,
j=1

j=1

where p(20X ™zy ... X™z) = R¥||2]| ... ||z for zo, ..., zx € M,(A). We denote the com-
pletion by (A){X >§;) and recall that this is a Banach *-algebra.

Lemma 3.4.3. Fiz R > M. Then the map o™ defined above extends to a bounded map
A(X)gl) — M, (A). Moreover, if ||z||r < 1/R, then 1 — Xz is invertible in A(X)gl) and we
have

G(z) = o™[z(1 — XMz,
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Proof. The first claim follows because [o™ (F(X))|| < Cr_um||F(X)| g since R is an expo-
nential bound for o. Next, suppose that ||z < 1/R. Then because the geometric series

(1 — X(™2)~1 converges in A(X )53), we see that 1 — X(™z is invertible. Moreover, a direct
power series computation shows that G(z) = o™ [z2(1 — X 2)~!] after we invoke Lemma

2538 O

With these preparations in order, we can begin to prove complete positivity of o. We start
out by proving that certain symmetric moments are positive.

Lemma 3.4.4. Suppose that G satisfies (2) of Theorem and define o as in Lemma/[3.4.3
Let Ag and Ay be self-adjoint elements of M, (A) with Ay > ¢ > 0. Then

cM(AL(X™ + 40))% A1) > 0

Proof. Fix Ag and A; and let ¢ be a state on M, (A). Consider the scalar-valued function
g:H,; — H_ given by

9(¢) = ¢ 0 G(AT'¢ = Ao).
Now we analyze the behavior of g at co. Note that (~1A]" — Ay is invertible in A(X)gl) if ¢

is small enough. In fact, for sufficiently small ¢, we have ||(¢"*A7* — Ag)~!|| < 1/R. Thus, we
have

g(l/C)=¢OG((A C F—A0)7)
=¢oof(A7 (T - A ) ML= XA = 40)7 )
=¢ool(Af C b4y - X))

=¢oa[A((l— ( <"> + Ag)Ar1Q) Y]

=Y poa[(A (XM + 4p)) A4,
k=0

where the intermediate steps are performed in A(X > " In particular, §(¢) = ¢g(1/¢) extends
to be analytic in a neighborhood of 0. Because G preserves adjoints, we have g(¢) = g(¢).

Therefore, g is the Cauchy-Stieltjes transform of some compactly supported measure p on R.
Moreover, by examining the power series coefficients of § at 0, we have

$o U[(Al(X(n) + Ao))%Aﬂ = /Rt% dp(t) >0

Because this holds for every state ¢, we have o[(A; (X ™ + Ag))?*A;] > 0 by Proposition m
(5). O

Lemma 3.4.5. Let G satisfy (2) and let o be as above. Let F(Y) = CoYCy...YCy be a
monomial in M,(A)(Y) and let Ag € M, (A) be self-adjoint. Then

oM (F(X™ 4+ Ag) F(X™ + Ag)) >0
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Proof. Let us denote Y = X(™ + A,. Consider the matrix

[0 8%C; 0 .0 0 0 1
520y, § 8., ... 0 0 0
0 §2Cr ) .0 0 0
Cs=1 ! : : RPN : :
0 0 0 .5 8% 0
0 0 0 . 8%y 6 §2Cs

| 0 0 0 o0 82Cy 0+ 0*CEC )

Observe that if § is sufficiently small, then Cs > € for some ¢ > 0. Indeed, the diagonal terms
§ will be much larger than the off-diagonal terms, while the extra diagonal term 6 ~4*CyCy, is
already positive. Therefore, by the previous lemma,

O_(n) [(C(;Y(kJrl))szg] > 0.

We claim that the top left n x n block of (CsY *+1))2kC5 is equal to F(Y)*F(Y) + O(9).
To see this, consider what happens when we multiply out (Cj(X ™(k+1) 4 Ag’““)))%c[; using
matrix multipication, treating each n x n block as a unit. The top left block of the product

will be the sum of terms of the form
(05)1,1'1}/(05)1'1,1'2}/ s (C(s)ik—zaik—ly(cis)ik—lal

since Y(*+1) is a block diagonal matrix. Because Cj is tridiagonal, the sequence of indices must
have |i;_1 — ;] < 1. We can picture such a sequence as a path in the graph with vertices
{1,...,k+ 1} and edges between j and j + 1 and a self-loop at each vertex j.

All the entries in Cs are O(6) except the bottom right entry with the term 6 ~4*Cy Cy. Thus,
any path which yields a term larger than O(d) must reach the last vertex k + 1 and use the
self-loop at the vertex k + 1. But if we travel along the path at a speed < 1, the only way we
can get from 1 to k + 1, use the self-loop at k£ + 1, and get then back to 1 in 2k + 1 steps is to
follow the path

L2,k k+1,k+ 1,k ....2 1.

So the only term in the sum which is not O(¢) is the term
(S2CHY ... (2CHY (6 4+ 674 CrCo)Y (62CY) ... Y (0°C) = F(Y)*F(Y) + O(9).
Hence, the upper left entry of (C5Y *+1)2kCy5 is F(Y)*F(Y) + O(J). As a consequence,
o™ (F(Y)*F(Y)) + 0(5) > 0,
and thus by taking & to zero, we have o™ (F(Y)*F(Y)) > 0. O

To finish the proof that (™ (P(X)*P(X)) > 0 for every P, we will use the following matrix
amplification trick to reduce to the case of a monomial.

Lemma 3.4.6. Let P(X) € M, (A(X)) be a polynomial of degree d. Denote

S X 1
e[
Then for some m, there exist matrices Cy, ..., Cq € Moy, (A) such that

[P(OX) 8} =Co XMy X oy XMoy.
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Proof. Fix d. Let T(™ be the set of all polynomials A(X)( of degree < d which can be
expressed as in the conclusion of the lemma.

First, we claim that T(*) contains the monomials in A(X). Let p(X) = agXa; ... Xax be a
monomial of degree k < d. Then we have

R ] e R VS e
(B a3 i

Next, we claim that if P(X) € I'™ and e;; is the (i,7) matrix unit in Mj(C), then the
matrix P(X) ® e; ; with P(X) in the (4, j) block and zeroes elsewhere is in I'"¥). Given such

o

a P(X), there exist Cy, ..., Cy in Ma,,(A) such that
[P(OX) 8} =Co XMy X oy XMoy.

Then observe the 2(m + n(k — 1)) by 2(m + n(k — 1)) matrix equation:

P(X)@ei,j 0 _ 1, ®e1 0] |Co 0O L (mAn(k—1) Cy 0
0 0 0 010 O 0 o

Smink-1) [Ca 0] [ln®@er; 0
0 O 0 0]

We caution the reader that the blocks C; are 2m x 2m while the blocks P(X) x e; ; and 1, ®e; ;
are nk x nk.

Finally, we claim that T is closed under addition. Suppose that P(X) and Q(X) are
in T'(™ . Then there exist integers r and s and matrices By, ..., By € Ma,.(A) and C1, ...,
Cyq € Mss(A) such that

[P(OX) 8] =B X"B, X" . .. B, X"B,

and

{Q(X) 8} — O, XWX . B X8,

Then observe that

P(X)+Q(X) 0 _ BO 0 v (r+s) Bl 0 T (r+s) Bd 0 «
[ =5 e X e ¢ 0 oy S

Where
S = |: Lnxn Onx(n—r) lnxn Onx(nfs) ]
0(7‘+s—n) Xn O(r+s—n) X (n—r) O(r+s—n) xXn O(T+s—n) X(s—n)

Altogether, we have shown that I' = [J2, I'(™) contains the 1 x 1 monomials of degree < d,
is closed under P — P ® E; ;, and is closed under addition. This implies that I' contains all
matrix polynomials of degree < d as desired. O
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Conclusion to the proof of Theorem[3.4.1 Suppose that G satisfies (2) of the theorem and let
o: A(X) — A be given as in Lemma m To show that ¢ is completely positive, choose a
polynomial P(X) € M,,(A(X)). Let
0 1
AO = |:1 O:l € MQ(A)

Then by Lemma we can write P(X) in the form

"

] = Co(X@™ 4 AT oy (x4 AT L Cgy (X 4 Al™) ey,

where C; € My, (A). Thus, by Lemma we have
o (xCm 4 AT N e (XL AT CrCo (X @™+ AT L Cay (XM ATy > 0,

which implies that o™ (P(X)*P(X)) > 0.

Next, we have shown in Lemma [3.4.2] that o exponentially bounded by R whenever R > M.
Therefore, o is a generalized law with rad(c) < M.

It remains to show that the Cauchy transform of ¢ is the original function G. It follows
from Lemma that G(z) = Gy(2) when |z| < 1/R. If we let zp = 2iR, then we have
z € B(™ (2, R) implies that Im z > R+ ¢ for some € > 0 which implies that z—* € B (0,1/R).
Hence, we have G = G, on B(zy, R). So by the identity theorem (Theorem [2.9.7), we have
G = G, on the whole matricial upper half-plane. O

We now give an analytic characterization of when the generlized law o is a law, and hence
complete the analytic characterization of the Cauchy-Stieltjes transforms of A-valued laws.

Lemma 3.4.7. Let o be an A-valued generalized law. Then the following are equivalent.
1. 0 is a law.
2. AG4(0,0)[z] = z for all z € A.

3. For each n, lim ;0 zilég(z) = 1,, where the limit occurs in norm and is taken over
all invertible z.

Proof. We have AG,(0,0)[z] = o(z) for z € A. We also know by Corollary that o is a
law if and only if o| 4 = id. This implies that (1) < (2).
(1) = (3). If 0 is a law, then

271G (2) = 2 Lo [z(1 = XM 2) 7 = gM[(1 — XM z)7,

which is fully matricial in a neighborhood of zero, and hence (3) holds.
(3) = (1). Fix an invertible operator z € A. Then we have for scalars ¢ that

A . 1A
lim, ZGU(CZ) = zglgg)(@) Go(C2) = 2.
On the other hand,
1
lim — Cz—hmg CFol2(X2)¥ = ol2].

C—>O<

Therefore, o[z] = z. Any element of A can be written as a linear combination of invertible
operators and hence o|4 = id, which means that o is a law. O
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We also have the following corollary of Theorem which is helpful for estimating the
radius of generalized laws.

Corollary 3.4.8. Suppose that o and T are A-valued generalized laws and Im G, (z) > Im G (2).
Then

1. G.(2) — G,(2) is the Cauchy-Stieltjes transform of some generalized law p.
2. rad(o) < rad(r).
3. ForImz > e, we have |Gy (2) — G, (2)] < |lo(1) —7(1)]|/e.

Proof. (1) Observe that G, — G, maps H (A) into H_(A). Moreover, G, — G, extends to be
fully matricial in a neighborhood of 0 in a way which preserves adjoints. Therefore, there is a
generalized law p such that G, — G, = G,,. Now p =7 — ¢ as maps A(X) — A.

(2) Because p is completely positive, we see that

o(p(X)"p(X)) < 7(p(X)"p(X)).
In particular, if p(X) = agXay ... Xay,, then
lo () < o (p(X) X))V < [I7(p(X)*p(X))['/? < rad(r)"||ao] - . - [|an,

so that rad(o) < rad(r).
(3) This follows by applying the estimate for Lemma to Gp(2). O

3.5 The F-Transform

Definition 3.5.1. Let u be an A-valued law. We define the F'-transform
F.(2)=Gu(2)~".

Lemma 3.5.2. F), is a fully matricial function H; (A) — H, (A).

Proof. Suppose that z € H, (A). If we have Im z > ¢, then by Lemma we have

—€

By complete positivity of u and the fact that (1) = 1, we have

—€

This implies that G, (z) € H_(A) and in particular G,(z) is invertible. Moreover, one checks
from Lemma that inv : H_(A) — H,(A) is fully matricial, and hence F),(z) is fully
matricial. O

The following characterization of F-transforms will be useful in the later chapters for under-
standing the analytic transforms associated to non-commutative independence. It also serves
as an example of the applications of Theorem A related characterization of z — F,(2)
as the self-energy of some law was given in [PV13| Theorem 5.6] and [Will7, Corollary 3.3],
while the statement that z — F),(z) is the Cauchy-Stieltjes transform of a generalized law was
proved in [PV13, Remark 5.7]. Compare also [SW97, Proposition 3.1] (scalar case), [Jekl7,
Proposition 3.9] (by the present author).
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Theorem 3.5.3.

1. If p is an A-valued law, then there exists a self-adjoint ag € A and a generalized law o
such that F,Sn)(z) =z- aén) - G’((,n)(z).

2. Conversely, if ag is a self-adjoint element of A and o is a generalized law, then there
exists an A-valued law p such that F,Sn) (2) =2 — a(()") — G (2).

3. We have ag = u(X) and o(a) = p(XaX) — w(X)au(X) for a € A.
4. We have rad(o) < 2rad(p) and

rad(u) < 5 (looll + M+ v/aol = M + o1

Proof. (1) We want to show that B, (z) = z—F},(z) has the form ag+G, (z) for some generalized
law o. The first step is to show that H maps H (A) into H_ (A), which is equivalent to showing
that Im F},(z) > Im 2.

Let z € HT) (A). Let us write X for the left multiplication operator on A(X) ®, A and
o(b) = {(1®1),b(1 ® 1)) for b in the C*-algebra B generated by A(X). Using the identity
Im(b=1) = (b=1)*(Im b)b~!, we have

—TIm(z — XM~ = —(z* — X))~ [Im(z* — XM))(z — X(M))~1
= (z* = X") ' Im(z)(z — X))~

By complete positivity of u, we have
—Im p™[(z = X)) 7Y > pM[(z* = X)) Im(z)(z — X)),

Note that if A € M, (A) is positive and B € M, (B), then u™[(B—pu™ (B))*A(B—pu™(B))] >
0 which impiles that (™ [B*AB] > u(™ (B)*Au™(B). In particular, we have

A" = X))z - X)) 2 a0 - X0) T Im()f( - X)),

Thus, we have shown that

Now observe that

)
2 (Gu(z)*)_l [Gu(2)"(Im Z)Gu(z)]Gu(z)_l

=Imz.

Therefore, B, maps H (A) into H_(A).
Next, let us analyze the behavior of B, (2) = B,(2~!) near zero. Let M = rad(u). Note

that the series
oo

PM(z) = Zu(n) (X ™) (zX (MR
k=0
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converges for ||z|| < 1/M and satisfies

ad 1

P(z z M —_
PG < 3 MM = Ty

We also have ~
Gu(z) = z+ 2P(2)z.

and thus

This series converges provided that ||P(z)z|| < 1 for which it is sufficient that

121l

— Bl c1e <
1/M — |||

L
oM

In this case, we have

H 2 ‘ < PG !
z .
T 1=[IP(z)zl] T 1/2M — |||
Thus, the function B, (z) has a fully matricial extension to B(0,1/2M). Because G, (2*) =
G ,.(2)*, we have B,,(2*) = B,,(2)*. In particular, ag = B,,(0) is self-adjoint. Also, B,,(z)—B,(0)
satisﬁes all the properties of Theorem so that B, (z) —ap = G,(2) for some generalized
law o with rad(c) < 2M. Thus, we have proved (1) as Well as the first estimate in (4).
(2) Let BM™(z) = G((yn)(z) + a(()n). F(z) = z — B(z) and G(2) = F(2)~!. Note that
F:H(A) —» H; (A) and hence G : Hi (A) — H_(A).
Now consider the behavior of B(z) and G(z) near zero. Letting M = rad(c), we have by
Lemma [3.3.3] that
||0( =]l

IBEI <500

+ [laoll-

Next, observe that

\
(e
~
o

k=0

where the series expansion makes sense provided that ||B(z)||||z]] < 1. In particular, given our
estimate on ||B(z)||, we see that G(z) has a fully matricial extension to a neighborhood of 0
which satisfies all the properties in Theorem and therefore G(z) is the Cauchy transform
of some generalized law p. Moreover, from the power series expansion of G(z), we see that
271G(z) = 1 as z — 0 and thus by Lemma wis a law.

To compute rad(u), observe that G(z) is uniformly bounded on B(0,7) provided that r <

1/M and
(15 + ool ) <1.
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The function on the left hand side is strictly increasing on (0,1/M), and approaches 0 and +o0o
at the left and right endpoints of the interval. Hence, there is a unique r* € (0,1/M) satisfying

o (Nle@)r
o =1
' (1 e+ laol

and rad(u) < 1/r*. To solve for r*, we change variables to R = 1/r* and obtain a quadratic
equation in R. Because r* was the unique solution in (0,1/M), we know that R must be the
unique solution in (M, +oo) for the quadratic equation, and therefore must equal the larger
root of this quadratic. After some computation, we obtain

R =3 (aoll+ M + /Tlaol — 307 + 4o (D).

This proves the second estimate in (4).
It remains to prove claim (3). For sufficiently small z € A, we have
By.(2) = P(z) = P(2)2P(2) + O(|||*)
= u(X) + p(X2X) = p(X)zp(X) + O(l|2]%),

while on the other hand

B#(Z) =aog + éa(z)
= ao + o(2) + O(||=|1*).

Thus, ap = u(X) and o(z) = u(X2X) — u(X)zu(X) as desired. O

The quantity Var,(a) := u(XaX) — p(X)ap(X) will be significant in the coming chapters.
As a consequence of what we have just shown, Var,, is a completely positive 4 — A. This Var,
is related to the variance in classical probability theory. Indeed, if A = C and p is a measure
on the real line, then Var, is a map C — C which is simply multiplication by a positive scalar,
and this positive scalar is the classical variance of p.

3.6 Convergence in Moments

Definition 3.6.1. If o is a generalized law, then we define the kth moment of o as the multi-
linear form
Momy (o) [wp, . .., wg] = o(weX w1 ... Xwg)

or equivalently )
Momy (o) = A*¥1G,(0,...,0).

Definition 3.6.2. Let 0, and o be generalized laws. We say that o,, — o in moments if

lim ||[Momy(0y,) — Momyg/(o)||x = 0 for every k,

n— oo

where ||-|| is the completely bounded norm for multilinear forms. Similarly, we say that {o,}
is Cauchy in moments if {Momy/(o,)} is Cauchy for each k.

Definition 3.6.3. We denote by X/ (A) the set of A-valued laws with rad(u) < M. We denote
by %5,k (A) the set of A-valued generalized laws o with rad(c) < M and |lo(1)]| < K.
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Lemma 3.6.4. If {0} in X% (A) is Cauchy in moments, then it converges in moments.
Also, Xar(A) is a closed subset of ¥5;% (A) with respect to the convergence in moments.

Proof. Clearly, the multilinear forms Momg/(c,,) converge to some multilinear form Ag. We can
define o : A(X) — A by o(woXws ... Xwy) = Ag(wo, ..., wg). Then o,[f(X)] — o[f(X)] for
each f(X) € A(X) and hence o is completely positive and exponentially bounded by M. Also,
[o(1)] < K since [lon (1) < K. Therefore, o is a generalized law in ¥5,"(A) and o, — o in
moments.

To show that ¥p/(A) is closed, note that the property of o : A(X) — A being a unital
A-A-bimodule map is preserved under limits. O

Proposition 3.6.5. If r < 1/M and 0,7 € 35" (A), define

dp(o,7) =Y r*T | Momy (o) — Momy (1) || 4 = do (G, Gr).
k=0

Then we have the following.
1. d, is a metric.
2. The metrics d,. for different values of r are uniformly equivalent.

3. {on} C X8} % is convergent / Cauchy in moments if and only if it convergent / Cauchy
n d,.

4. B4 (A) is complete with respect to d,..

Proof. Observe that d,(o,7) = dow(ég, @T) It follows from Lemmathat F = {C:'[, o=
287 (A)} is a uniformly locally bounded family of fully matricial functions on B(0,1/M) and
that rad(0, F) = 1/M. Therefore, claims (1) and (2) follow from Theorem

(3) Note that

1
|Momy, (o) — Momyg (7) || < Tfde(U,T).

Hence, convergence or Cauchyness in d,. implies convergence or Cauchyness in moments. Con-
versely, using standard geometric series estimates,

(rM)N
1—rM

N-1
dy(o,7) < Z ¥ ||[Momy, (o) — Momy (7) (|4 +
k=0
and hence convergence or Cauchyness in moments implies convergence or Cauchyness in d,.
(4) This follows from (3) and Lemma [3.6.4] O
Proposition 3.6.6.

1. The collection Gyr g = {Goy 1 0 € Z%Z?K(A)} is a uniformly locally bounded family of fully
matricial functions on H (A).

2. For each z € H (A) we have rad(z,G) > e.
3. The metrics d, (G»,G;) on G are uniformly equivalent to the metrics d,(o,T).

4. Gy, x with the topology of uniform local convergence is homeomorphic to E%ZI’IK with the
topology of convergence in moments.
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Proof. (1) and (2) follow from Lemma [3.2.7]

To prove (3), note that the metrics d, , are all equivalent to each other by Theorem m
Moreover, note that all the elements of B(3iM,M) are invertible and inv(B(3iM,M)) C
B(0,1/2M), so that

dsinve, v (Go, G7) < d0,1/2M(éoa G,) = dijan (0, 7).

Thus, dzin,v(Go, G7) can be estimated above by dy /25/(0, 7). For the converse direction, note
that inv(B(1/2iM,1/8M)) C B(2iM,2M/3) and hence

di2im1/8m(Goy Gr) < doingon3(Go, Gr).

By Theorem [2.9.6] the metric dy9;p,1/80 is equivalent to d,.(o,7), and thus d,.(o,7) can be
estimated from above by do;nsonr/3(Go, Gr).
(4) is an immediate consequence of (3). O

3.7 Problems and Further Reading

Problem 3.1.

1. Let p be a compactly supported measure on R. Let dv(t) = t? du(t). Show that
1 1 1
gu(z) = P /tdﬂ(t) + Z—le,(z).

2. Let p be an A-valued law. Show that there exists a generalized law v such that
n _ -1 -1 n),—1 4 —1-(n -1
GL)(Z)—Z 27 (X)) M 271G (2) 27

Problem 3.2. Let Fy, F5, F5 : H  (A) — H, (A) be fully matricial functions with F3 = Fj o F5.
Prove that if two out of the three F}’s are F-transforms of A-valued laws, then so is the third.
In particular, F-transforms form a semigroup under composition.

Problem 3.3. Suppose that F),, = F),, o F},,. Show that

%rad(ug) < max(rad(p1), rad(pz2)) < crad(ps)

for some constant ¢ > 0 independent of y;.

Problem 3.4. Prove that the metric d,.(o, ) on X57" (A) is uniformly equivalent to the metric

sup [|Go(2) = G- (2)]].

Imz>e
Problem 3.5. Let o, and ¢ be in Z%}?K(A). Show that the following are equivalent:
1. o0, (f(X)) = o(f(X)) in A for every polynomial f(X) € A(X).
2. G, (2) = G,(z) for every z € H(A).

Problem 3.6. Let (B,7) be a tracial von Neumann algebra and A be a von Neumann sub-
algebra. Let E : B — A be the conditional expectation. Let X € B be self-adjoint and let

G(2) = E[(z — X™)~1] for 2 € HV(A).
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CIf 2,2 € H(n)e(A), show that

+,

1
IG(2) = G2 < Sllz = 2]l

. Let G™ be the set of Cauchy transforms obtained in this way. Show that G™ is compact

in the topology of pointwise o-WOT convergence.

. Show that this topology on G'* is metrizable provided that A is separable in WOT.



Chapter 4

Non-Commutative Independences

4.1 Introduction

Free independence was discovered by Voiculescu [Voi86] and further developed by Speicher
[Spe94]. His key insight was that the free product operation on groups and the corresponding
operator algebras could be viewed as a non-commutative version of probabilistic independence.
The analogy between the classical and free theories included the following elements:

1. Rule for specifying mized moments: To say that algebras By, ..., B, are freely indepen-
dent specifies rule for determining the mixed moments of variables in the larger algebra
which they generate.

2. Product space construction: Any two algebras could be joined in an independent way. In
ordinary probability theory, this is the role of the product measure spaces, corresponding
to a tensor product of the L? spaces, on which the two individual algebras act by multi-
plication on first and second coordinate. In free probability theory, products of algebras
act on the free product of the underlying Hilbert spaces, a construction related to Fock
spaces in physics.

3. Convolution operation and analytic transforms: In ordinary probability theory, the law of
a sum of independent random variables is the convolution of the two individual laws, and
the convolution can be computed using the Fourier transform of the measure. Given (1),
the law of the sum of independent random variables is determined by the individual laws,
and so “free convolution” is well-defined. Voiculescu found that the R-transform played a
similar role in free probability theory; namely, the R transform of the “free convolution”
of two laws is the sum of the R-transforms.

This theory was adapted to the operator-valued setting in [Voi95|, [Spe98|.

Another type of non-commutative independence, called Boolean independence, was intro-
duced into non-commutative probability by Speicher and Woroudi [SW97], based on previous
work by physicists. This independence had a rule for specifying mixed moments, a product
space construction, and a convolution operation. For operator-valued Boolean independence,
see [Pop09], [PV13] §2], [BPV13].

Finally, monotone independence was discovered by Muraki [Mur97], [Mur00], [Mur01], and
adapted to the operator-valued setting by Popa |[Pop08a] and Hasebe and Saigo [HS14]. There
was a parallel theory of moment computations, product spaces, and analytic transforms. Unlike
free and Boolean independence, monotone independence is sensitive to the order of algebras.

61
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Thus, the monotone convolution operation is not commutative and it corresponds to composi-
tion rather than addition of analytic transforms.

After the discovery of several types of independence, Speicher formulated axioms for inde-
pendences which lead to a natural commutative binary product operation, and he showed that
tensor, free, and Boolean were the only three possilibities [Spe97]; Ben Ghorbal and Schiirmann
proved related results in the framework of category theory |BS02]. When the product is no
longer required to be commutative, there are exactly two more possibilities, monotone indepen-
dence and its mirror image anti-monotone independence, as proved by Muraki in 2003 [Mur03|.
This in some sense classified the possible notions of independence. The analogous results in the
operator-valued setting have not yet been studied.

Here we will focus on operator-valued free, Boolean, monotone, and anti-monotone inde-
pendence. We exclude classical or tensor independence because it does not adapt well to the
A-valued setting if A is not commutative, and because the other types of independence have
closer similarities with each other. As much as possible, we will present theories of these four
types in parallel.

4.2 Independence of Algebras

Definition 4.2.1 (Free independence). Let (B, E) be an .A-valued probability space. Then
subalgebras By, ..., By containing A are said to be freely independent if we have

Elb...bx] =0
whenever b; € B;, with E[b;] = 0, provided that the consecutive indices 4; and 7;,; are distinct.

Definition 4.2.2. Let B O A be C*-algebras. We say that C is a (non-unital) A-x-subalgebra
of B if B if B is closed under addition, multiplication, and adjoints, and if AB C B.

Definition 4.2.3 (Boolean independence). Let (B, E) be an A-valued probability space. Then
A-subalgebras By, ..., By are said to be Boolean independent if we have

Elby...b;] = Eb1] ... Elbg]
whenever b; € B;,, provided that the consecutive indices i; and ;41 are distinct.

Definition 4.2.4 (Monotone independence). Let (B, FE) be an A-valued probability space.
Then A-subalgebras By, ..., By are said to be monotone independent if we have

Eby...by] = E[by...by_1E[by]byi1 ... by]

whenever b; € B;;, provided that the index i, is strictly greater than the consecutive indices
ir—1 and 4,41 (if r = 1, we drop the condition on 4,_; and similarly for the case r = k).

Definition 4.2.5 (Anti-monotone independence). Let (B, F) be an A-valued probability space.
Then A-subalgebras By, ..., By are said to be anti-monotone independent if we have

Elby...by] = Elby...by1E[b]bys1 ... by

whenever b; € Bij, provided that the index i, is strictly less than the consecutive indices 7,1
and i, (if » = 1, we drop the condition on i,_; and similarly for the case r = k).

Remark 4.2.6. Free and Boolean independence are unchanged if we reorder the algebras By,
..., By. However, monotone and anti-monotone independence are sensitive to order. Also, By,
..., By are anti-monotone independent if and only if B, ..., By are monotone independent.
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The definition of independence provides enough information to evaluate the expectation of
any element of the A-algebra generated by By, ..., By. Here and in the rest of this chapter, we
state the result for all types of independence simultaneously. When we write “free / Boolean /
monotone / anti-monotone,” we mean that there are four versions of the theorem, one for each
type of independence.

Lemma 4.2.7. Suppose that By, ..., By are free / Boolean / monotone / anti-monotone
independent A-subalgebras, and assume in the free case that they are unital. If b; € B;, for
j=1,..., k, then E[by...bg] is uniquely determined by E|g,, ..., F|py-

Proof for the free case. Let C be the formal A-algebra generated by By, ..., By, that is, the
span of all strings of the form b, ...b; where b; and b1 come from distinct algebras. Let

D=A+ Span{b1 by E[bj] =0,b; € Bij, i; # ij+1}.

We claim that C = D.

We must show that every string b; ...b; can be represented as a linear combination of the
terms in D. We prove this by induction on k, the base case £k = 0 being trivial. In the inductive
step, let k > 1 and consider a string by ...b, where b; € B;, and i; # i;41. We can write
b; = ¢; + a; where a; = E[b;] and ¢; = b; — a; has expectation zero. Then

bi...bp=(c1+a1)...(ck +ag).

We expand the right hand side into 2¥ terms using the distributive property. The first term
c1 ...c has the desired form. We claim that each of the other terms can be expressed as a
word in C with length less than k (so that we can apply the inductive hypothesis). Each term
is a product of some c¢;’s and some a;’s, but we can group each a; together with all the terms
before or after until we reach one of the ¢;’s. Then if two adjacent elements come from the
same algebra B;, then we can group them together into one term. After applying as many such
regrouping operations as possible, we have expressed this term as a string of the form b} ... b},
with &' < k and the terms b, coming from different B;,’s with i;11 # ;. Then by the inductive
hypothesis, this term is in D.

This implies that every ¢ € C can be expressed as the sum of a € A plus a linear combination
of terms of the form by ...bx, where E[b;] = 0, b; € B;;, and i; # i;41. This decomposition
was reached using purely algebraic operations and knowledge of E|p, for each i. Using freeness,
each term of the form b, ... b; has expectation zero. Thus, Flc] = a. O

Proof for the Boolean case. Starting with a string by ... by, we first group and relabel the terms
so that any two consecutive terms come from different algebras. Then by definition of Boolean
independence E[b; ...b;] = E[b1]... E[bg]. O

Proof for the (anti-)monotone case. In the monotone case, we proceed by induction on the
length k of the string by ...bx, where the base case k = 1 is trivial. By regrouping the terms if
necessary, assume that consecutive terms come from different algebras. Then choose an index
J such that 4; is maximal. By monotone independence,

E[bl AN bk] = E[bl e bjflE[bj]ijrl . bk}

Since E[b;] € A, this can be represented as a string of length < k — 1, to which we apply the
induction hypothesis.
The anti-monotone case follows by symmetry from the monotone case. O
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4.3 Construction of Product Spaces

In classical probability theory, one constructs the product (2, P) = (1 ® Qa, P; ® P») of two
probability spaces (Q1, P1) and (g, P»). The algebras By = L>®(Q4, P1) and By = L®(Qa, P»)
embed into B = L*>°(€2, P) as subalgebras which are classically independent, that is, E[b1bs] =
E[b1]E[bs]. The algebra B is thus a certain completed tensor product of By and By with the
state f - P being the tensor product of the two states P, and P». Moreover, the Hilbert space
L?(Q, P) is the Hilbert-space tensor product of L%(2;, P;) and L%(, P,).

Similarly, in non-commutative probability, we seek to a way to independently join given
algebras By, ..., By. We construct the joint algebra by first constructing a joint Hilbert space,
in the same way that classical independence arises from tensor products of Hilbert spaces.

More precisely, our goal in this section is to prove the following theorem. For the sake
of brevity, we state the theorem only once for all four types of independence studied here.
Rather than starting with initial algebras By, we will prove independence for all of B(#;) and
comment on the case of other algebras in the next section.

Theorem 4.3.1. Suppose that (H1,&1), ..., (Hn.&n) are Hilbert A-A-bimodules and &; is an
A-central unit vector in H;. Denote E;[b] = (§;,b§;) for b € B(H,;).

Then there exists a Hilbert A-A-bimodule H, an A-central unit vector &, and injective (non-
ungtal) x-homomorphisms p; : B(H;) — B(H) such that the following hold, where we denote

E[b] = (&, b€):
1. We have E[p;(b)] = E;[b] for b € B(H;).

2. The algebras p1(B(H1)), .., pn(B(Hy)) are free / Boolean / monotone / anti-monotone
independent with respect to E.

3. If b; € B(H;) with E;[b;] =0, then
1/2

N N
(b)) <2 bill? + max||b;]||.
;PJ( J) ;H JH je[N]” JH

The space (H,§) and the maps p; can be defined through the explicit constructions below (Def-
inition |4.3.9, [4.3.4, 14.3.5, [4.3.6).

We begin with an elementary lemma before we divide the construction and proof into cases.
References for Theorem [.3.1] are included in the treatment of cases below.

Lemma 4.3.2. Let H be a Hilbert A-A-bimodule and let & € H be an A-central unit vector.
1. A& and K :={( : (&,{) = 0} are A-A Hilbert bimodules.
2. H=Afd K.

3. A€ is isomorphic as a Hilbert A-A-bimodule to the bimodule A with the inner product
given by (a1, a2) = afas.

Proof. Note that A¢ is an A-.A-bimodule because it is a left .A-module and a = £a. Moreover,
K is a A-A-bimodule because if a € K, then

(€,Ca) = {,Q)a=0
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and
(€ aC) = ("€, ) = (€a”, () = a(§,¢) = 0.

Moreover, any ¢ € H can be written as

where the first term is in A€ and the second term is in K because

Therefore, H = A @ K. Because this direct sum decomposition holds, the individual terms A&
and K must be closed subspaces and hence are Hilbert A-.A-bimodules.

Finally, we can define a map ¢ : A — A€ by a — a&. This map is clearly surjective. Using
the fact that £ is A-central, one checks that this map preserves the inner product and is an
isomorphism of Hilbert .A-.A-bimodules. O

The Free Case
The estimate [£.3.1] (3) in the scalar-valued free case is due to [Voi86, Lemma 3.2].

Definition 4.3.3. Let Hi, ..., Hy be Hilbert A-A-bimodules with a central unit vectors &7,
.., &n, and write K; = {¢ € H; : (§;,¢) =0} and H; = AE; & K;. We define the free product
of (H1,&1),..., (Hn,&n) as the pair (H,€), where

’H:Aﬁ@@ @ Kj @4 @4Kj,,
k>1j1,....jn€[N]
jr#jr-f—l

as a Hilbert A-.A4-bimodule, where A£ is a copy of the trivial A-A4-bimodule A and & = 1.

In order to define p; : B(H;) — B(H), we observe that by reindexing the terms in the direct
sum and applying the distributive property of tensor products

He(AoK)ea |AoD P K @a- 04k,
k>1 ji,...,5k€[N]
Jr#ir+130177

>H;ou A0 P K @a@aKj,
k21 j1,....5k€[N]
Jr#dr4+130177
One the right hand side, it is easy to see how B(#,) acts by left-multiplication. This defines a
s-homomorphism p; : B(#;) — B(H) (which is unital in this case).

Proof of Theorem[].3-1] free case.
(1) By construction p;(b) maps the direct summand A¢ @ K; into itself, and this subspace

is isomorphic to H; except that ; is replaced by &.
(2) Let k£ > 1, and consider a product of terms p;, (b1), ..., p;, (bx) where E; (b,) = 0 for
each r. We claim that

P (b1) - pji (b5, )€ € Kjy @4 -+ @4 Ky,
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which we will prove by induction on k. In the case k = 1, we express b;, &;, in H;, as a;, + ¢,
where ¢ € K;, and the coefficient a = (£, ,b;,&;,). But by assumption a = 0, so that b;,§;, €
KC;,. For £ > 1, we know by inductive hypothesis that

C = Pjs (b2) - Pk (bjk)€ € ICj2 RA DA ICjk'
This sits inside the direct summand
Kj, ®a-®@aKj, CABK),)®aKj, ®a--®aKj,. CH

Because by maps ;, into K;,, we know that pj;, (b1) maps ¢ into Kj, ®4--- ®4 K;, as desired.
Therefore, we have p;, (b1) ... p;,. (b;,)€ € Kj, @4 --- @4 Kj,, and hence

E[pj1 (bl) p]k( k)] <£ Pjx (bl) - Pj (bjk)§> =0,

which demonstrates free independence.
(3) Consider an operator of the form 377, x;, where z; = p;(b;) and Ej[b;] = 0. Let
M C H be the submodule consisting of tensor products where the first index is j, that is,

Mi=@ P Ki0aKj,oa 04K
k>1 jo,...,jk €[N]
JFJ2F I3 F .
Note that .
H=ALoPM;.
j=1

Since M is a direct summand of H, there is a projection p; € B(H) onto M;. Let z; = p;(b;)
and write

N N

N
ij = Z (1—pj)x;(1—p;) + Zpgﬂf] )+ Z - pj)Tip; + Zpgffgpg
Jj=1 j=1

7j=1

Observe that (1—p;)z;(1—p;) = 0. Indeed, if ¢ is in the range of 1—p;, then ¢ only contains
terms in the tensor products where the first term is not j. Then using similar reasoning as in
part (2), since Efx;] = 0, we have z;¢{ € M;, and hence (1 — p;)z;{ = 0.

Next, because the elements p;x;(1 — p;) have orthogonal ranges, we have as a consequence
of Observation [[L2.7 that

1/2 1/2

N N
> piws(=py)| < Dolpja; (1 —py)lI? <Dl
j=1 j=1 j=1

Similarly,
1/2
N

N N
Z = pj)ap;|| = ijx;(l—pj) < Z||$3||2
j=1 j=1

Finally, again using orthogonality of the p;’s, we have

iTipj|| = max T < max ||z
ij iPj [N]Hpj Dl [N]H ill-
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Thus,
N N N
Z% = Zpﬂ?g 1—pj) Z 1 —pj)x;p; Zp]x]p]
J=1 j=1 J=1
v 1/2
<2 P + max ||z
j=1
as desired. 0

The Boolean Case

A version of the following construction was done in the scalar case by [Ber06), §2]. The operator-
valued case was done in [PV13| Remark 2.3].

Definition 4.3.4. Let Hq, ..., Hy be Hilbert A-.A-bimodules with a central unit vectors £,
.., &, and write K; = {( € H; : (§;,() =0} and H; = AL @ K.
We define the Boolean product of (H1,&1), ..., (Hn,&Nn) as the pair (H, &), where

N
H=AoPK;.

j=1
To define the maps p;, we write H in the form
H="H;ePK
k#j

If b € B(H;), then we define p;(b) to act by b on the first summand and by zero on other
summands.

Proof of Theorem[{.3-1, Boolean case.
(1) This is a direct computation from the construction.
(2) Let k£ > 1, and consider a product of terms pj, (b1), ..., pj, (bx). We claim that

P (b1) -+ pji (bk)§ = Ejy [ba] ... By, [br]€ + ¢,

where ¢ € Kj,, and we will prove this by induction. The base case k = 1 is immediate. Now
suppose k > 1 and note by induction hypothesis

C:=pjy(ba) ... pj, (bx)€ = Ejy[ba] . .. Ej, [br]€ + ¢

with (" € K;,. Since jo # ji1, we have pj;, (b1)(’ = 0. Meanwhile, if we set a = E},[ba] ... Ej, [bg],
then
pir (b1)C = pjy (b1)ag = (&5, b1a&;,)§ + ¢,

where ¢ € ICj, by virtue of the construction of p;, (b1) and the orthogonal decomposition of H;,
into A¢;, and KCj,. But note that

(&1, 01a85,)€ = (&)1, 01€5, )6 = (€),, 01€5,)a& = Ej, [b1]Ejy,[ba] . . . Ejy [br€,
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which completes the induction step. It follows from this claim that

E[p.jl (bl) < Pk (bk)] = <§7 Pja (bl) <o Pk (bk)§>
= (& Ej[ba] - - Eji [br]€) + (€, €)
= Ej,[b1] ... Ej, [be],
which demonstrates Boolean independence.
(3) Consider an operator of the form Z;\;l xj, where z; = p;(b;) and E;[b;] = 0. Let
pj € B(H) denote the projection onto C;. One checks using similar reasoning as in part (2)
that (1 —p;)z;(1 —p;) = 0 and hence that

n n n n
Dowi=Y pixi(l—p))+ > (1—pjap;+ Y pjap;.
j=1 j=1

j=1 j=1

The proof then proceeds exactly as in the free case, using the fact that the p;’s have orthogonal
ranges. O

The (Anti-)Monotone Case

The following construction is due to [Mur00, §2] in the scalar-valued case and a version be
found in [Ber05]. The operator-valued case is due to |[Pop08ay, §4].

Definition 4.3.5. Let Hq, ..., Hx be Hilbert A-A-bimodules with a central unit vectors &7,
cey £N7 and write ICj = {C € Hj : <fJ,C> = 0} and Hj = Afj @ ICJ'.
We define the monotone product as the pair (H, &), where

N
H=AeP b Kjy @4 @4 Ky

k=1 NZ>j1>j2>>jr2>1

To define the maps p;, we write H in the form

H=(AoK)os AP P Kjoa--0ak;,
k>1j>j1>>jk

o P Ki®a 04K,
k>1j1>j2>>jk
J1>J
Let b € B(#;). The summand in the top line is the tensor product of 7, with another A-A-
bimodule, and we define the action of p;(b) by its left action on #;. On the bottom summand,
we define the action of p;(b) to be zero.

Proof of Theorem[{.3-1, monotone case. (1) The space H contains AE @ K; = H; as a direct
summand, and the action of p;(b) on this subspace is the same as the action of b on #;, with
& corresponding to &;.

(2) In order to show monotone independence, we must show that

Elpp, (bs) -+ pp, (b1)pj () pg, (o)) Pq. (b)) = Elpp, (bs) - - - pp, (b1) E;[blpg, (0)). .. Pq. ()],

provided that j > p; if s > 0 and j > ¢ if t > 0, where b € B(#;) and b; € B(B,,) and
b € B(H,,), where E;[b] denote the multiplication operator on H by E;[b] € A. This claim is
equivalent to

(Pp, (01) - - pp., (B3), (0 (b) — E;j[b])pg, (01) - - - pg, (B)€) = 0.
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Now we write

I
=

(0]
Ppy (01) - pp, (0S)€
qu (bll) th( )E

and our goal is to show that ((, p;(b)¢") = (¢, al’).
We claim first that

C,C'EN:Aﬁ@@ @ Kj @4 @4 Ky,

k>13>j1>j2>>jk

a
C

This is clear for ¢ if s = 0 and hence ¢ = €. On the other hand, if s > 0, this follows because
the image of p;(b}) is contained in

AP P Kj, @4 @4 K;, CN,

k>1p12>j1>52>>jk

and p; < j. The argument for ¢’ is identical.
By construction p;(y) maps A into (A& K;) @ N. However, since E;[b—a] =0, p;(b — a)
maps the space N into

KieN= P Kok @s 24K,

k>0 j>j1>52> > ]k

Moreover, K; ® N is orthogonal to A/ by construction and hence

(¢, pi(b—a){’) =0.

Finally, note that p;(a)|x = a|n and hence (¢, p;(b)¢’") = ((,a(’) as desired.
(3) Consider an operator of the form Zjvzl xj, where z; = p;(b;) and E;[b;] = 0. Let
M C H be the submodule consisting of tensor products where the first index is j, that is,

sz@ @ Ki®@aKj, @4 @4Kj,.

k>1j§>g2>>jk

Note that H = AL @ @jvzl M, and let p; be the projection onto M ;. Moreover, z; maps the
orthogonal complement of M; into M; and hence (1 — p;)z;(1 — p;) = 0. The argument then
proceeds exactly the same as in the free case. O

For the anti-monotone case, the construction and the proof of Theorem [£:3.1] are exactly
symmetrical to the monotone case. For example, the construction of the Hilbert A-A-module
is as follows.

Definition 4.3.6. With (7;,¢;) as above, we define the anti-monotone product as the pair
(H,&), where

N
H=AcaP $H Kj @4 @aKj,.

k=11<j1<j2>>jr>1
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4.4 Products of Algebras

To define the product of non-commutative probability spaces (B, E1), ..., (By, Enx), we apply
the above construction to (H;,§;) = (B; ®g; A,1® 1). Then we define the product algebra
B to be the C*-subalgebra of B(#H) generated by A and p,;(B;) for j = 1, ..., N, with the

expectation F given by the inner product with £ € H.

There are two technical points we should comment on here. The first is faithfulness of the
representation. If the representation of B; on B; x g, A is faithful, then the maps B; — B are
injective and the representation of B on H is faithful. Moreover, one can show that B¢ is dense
in H, so that H =2 B®g A.

The second issue is that the inclusions p; : B; — B are not unital (except in the free
case). Some authors deal with this by framing non-commutative probability theory in terms of
non-unital algebras from the outset. Another option is to consider unital algebras B;, but to
assume that each B; has a non-unital A-subalgebra B, o with B; = B, @ A as A-A-bimodules
(the direct sum is not necessarily orthogonal). We can then construct the non-unital product
algebra By of the algebras B; and let B = By @ .A. Then one obtains unital inclusions of B;
into B.

However, we will not be too concerned about these issues in the rest of these notes, since we
will focus on the computation of moments rather than the properties of the product operations
on C* algebras.

4.5 Associativity

Lemma 4.5.1. Each of the four product operations for pairs (H,€) described in Definitions
[4.3.3,14.5.4) |4.5.9, |4.5.0 is associative in that sense that if < is one of these product operations,
then we have natural isomorphisms

Gy (Hy, &) = (M, &) 8(Ha, &2))2(Hs, &)
= (Hi, &1)a((Ha, E2)o(Ha, £3))-

Moreover, the inclusion maps p; : B(H;) — B(H) are equivalent in all three ways of expressing
the product space.

The argument here is a straighforward rearrangement of the summands in the product
space, using the distributive and associative properties of tensor products. Let us describe the
proof of the first equality in the monotone case and leave the others as exercises for the reader.

Proof for the monotone case. We can write
(Hly El)XgX(Hza 52) = AEI S IC/7

where

K’z@ EB Kj, @404 Kj,

k>12>5122>jk2>1
=K1K dKa®K;.
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Note that
(M1, &) 0(Ha, &2))# (M3, &3) = ALK @ Ky @ Kz @4 K
Ao P Koa@4K;

k>13>j51>-->5,>1
3

It is easy to verify that the inclusions B(H;) — B(H) are the same for either decomposition of
the product space. O

As a corollary, we have the following method for checking independence of subalgebras.

Lemma 4.5.2. For free, Boolean, monotone, and anti-monotone independence, the following
holds. Let By, Ba, and Bs be A-subalgebras of (B, E), and assume in the free case that they are
unital. The following are equivalent:

1. By, Bs, and B3 are independent.
2. By and By are independent, and By V By and Bz are independent.
Here By V By denotes the A-subalgebra generated by By and Bs.

Proof. Suppose (1) holds. By Lemma (1) uniquely determines the expectation of elements
of By V By V Bz in terms of E|,. Thus, rather than examining all possible algebras B containing
independent copies of By, By, and Bs, we may assume that B = B(H) where (H,¢) is the
independent product of the spaces (H;,§;) := (B V. A) ®g A for j = 1,2,3. But by the
previous lemma,

(H,8) = ((H;,&5)5(Ha, £2))2(Hs, E3)-

This implies that By and Bs are independent and B; V By and Bs are indpendent.

The argument for (2) = (1) is similar. By applying Lemma twice, we see that
(2) uniquely determines the expectations of elements of By V By V B3 given F| B;- Thus, we
can assume that By, ..., B3 are represented on the product space ((H;,&;)&(Ha, &) (Hs, &3),
which is isomorphic to #?:1(’Hj, &) O

4.6 Independent Random Variables and Convolution of Laws

Next, we define what it means for random variables to be independent. In the following, for a
self-adjoint X in B D A, it will be convenient to denote by A(X) the subalgebra of B generated
by A and X. This object is strictly speaking not the same thing as the formal polynomial
algebra A(X), but this abuse of notation is already entrenched in algebra. We also denote by
A(X)o the polynomials with no constant term, that is,

A(X)o = Span{apXa1 ... Xay : a; € X,k > 1}.

Definition 4.6.1. Self-adjoint random variables X, ..., Xy in (B, E) are said to be freely
independent if the algebra A(X1), ..., A(Xy) are freely independent. Random variables X7,
..., Xy are said to be Boolean / monotone / anti-monotone independent if the algebras A(X1)o,
.., A(Xy)o are Boolean / monotone / anti-monotone independent.

Lemma 4.6.2. Given A-valued laws p1, ..., un, there exists an A-valued probability space
(B, E) with self-adjoint elements X1, ..., Xn which are free / Boolean / monotone / anti-
monotone independent.
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Proof. By Theorem [[.6.5, the law p; is realized by the random variable X; acting on the
Hilbert bimodule H; = A(X;) ®,, A with the expectation given by the vector {; = 1® 1 in
H;. Let (#H,&) be the independent product of the spaces (H1,&1), ..., (Hn,En). Let B be the
C*-algebra generated by A and the variables X1, ..., Xy acting on H and define E[b] = (&, bS).
Then X1, ..., Xy are independent with laws uq, ..., un. O

Definition 4.6.3 (Convolution). Let p and v be laws, and let X and Y be free / Boolean /
monotone / anti-monotone independent random variables with laws p and v respectively. We

define the free / Boolean / monotone / anti-monotone convolution of u and v to be the law of
X + Y. This is well-defined by Lemma We denote this law by

wHBv  (free case)

pWr  (Boolean case)

u>v  (monotone case)
u<<v (anti-monotone case).

Lemma 4.6.4.
1. The operations B, W, >, and < are associative.
2. The operations B and W are commutative.

3. We have p>v =v < 4.

Proof. These follow from the corresponding properties of independence. O

4.7 Analytic Transforms

Our next task to develop analytic tools for computing the independent convolution of two
laws. In the classical case, this role is played by characteristic function (Fourier transform)
of a law given by Fu(¢) = [ €™ du(x), since addition of independent random variables or
classical convolution of laws corresponds to multiplication of the Fourier transforms. In the
non-commutative setting, this role is played by various fully matricial functions related to the
Cauchy-Stieltjes transform.

The Free Case

The following analytic transforms were defined by Voiculescu [Voi86]. In the operator-valued
case, the definition was developed by Dykema [Dyk07, §6].

Definition 4.7.1. For an A-valued law y, we define F,(z) = G,(2)~" and
D,(2) = F ' (2) —

where F~ !(2) is the functional inverse and z is in the image of F},. We define the R-transform
Ru(2) = B,() = B, (=),

We caution that some authors have slightly different conventions for the definition of R-
transform. We will show that ®, and R, are additive under free convolution, but first we must
say on what domain ®,, and R, are defined.
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Theorem 4.7.2. The function ®,, is a well-defined fully matricial function

U Has,+ (A) = H-(A).

6> ||Var, (1)(|*/2
Moreover, R,,(z) = ®,(2) has a fully matricial extension to B(0, (3 — 2v/2)/rad(u)) satisfying
Ru(0) = p(X),  Ru(2") = Ryu(2)"

and
2| Var, (1) rad (1)
PR
Proof. By Theorem [3.5.3] there exists a self-adjoint ag and a generalized law o with rad(o) <
2rad(p) such that

IR (2) = p(X) ™ <

F,(2) =z—ap— Gs(2).

Let § > ||o(1)||*/? = |[Var,(1)||'/2. Then we claim that F, has an inverse function ¥ :
Hy 25(A) — Hi 5(A). We will construct ¥ by a contraction mapping principle just as in
the inverse function theorem. We want to solve the equation

w=U(w) —ag — G (¥(w)),
so that U(w) satisfies the fixed point equation
T (w) = w+ al” + GO (T(w)).
Let Hy,(z) = w + ag + G, (z). Note that by Lemma if 2,2/ € H((SZ)F(A), then

le (D]

1H(2) = Hu ()] = G (2) = Go (2| < =37 1z = I

Therefore, H,, is a contraction provided that ¢ > ||o(1)||'/2. Moreover, if Imw > 2§, then H,,
maps Hs 4 (A) into itself because

Im H,(2) = Imw + Im G, (2) > 20 — ”"551)” > 4.

Therefore, by the Banach fixed point theorem, H,, has a unique fixed point ¥(w) in Hy 5(A).
We also have

n o(l
() ] = a§” + Go (¥ )] < laofl + T < jag) 15

Therefore, if we define

then for Imw > 26,

k
o) - vl < (1= 1Z0) (oo +5),

In particular, ¥y, converges uniformly locally to ¥ on U6>HU(1)H1/2 Hy 25(A). It follows that
U (w) is fully matricial.
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By definition,
D,(2) =V (z) —z=ao+ G,(¥(2)).
Therefore, ®, is a fully matricial function Us. | 5(1yj1/2 Hi,26(A) = H_(A). Now consider the

behavior of ®, = R,, near zero. We have

Ru(2) = ai” + G, (¥(=71))
aén) + GU(F_l(z_l))
al” + G, (G (2))

By the inverse function theorem, since DG »(0) = id, we know that G « has a inverse function in
a neighborhood of zero, and hence R, is defined in a neighborhood of 0 and R, (0) = ap = p(X).
To get a more precise estimate on the size of the neighborhood, observe that for R =

1/rad(u), we have
1

[A*G,L(0,...,0)]4 < RE T

and therefore, we are in the setting of the inverse function theorem with M = R and K = 1.
Thus, by Theorem , Gt maps B(0, R(3 — 2v/2)) — B(0, R(1 — 1//2)). But note that

1 1 1 1
R “R= <
< \/ﬁ) f< 2R 2rad(p) — rad(o)’

and hence B(0, R(1—1/1/2)) is within the ball where G, is defined, so that R, = G,0G,, +aé”)
is defined on B(0, R(3 — 2v/2)). Futhermore, G, is bounded by

lo(1)]] _ le@)lIrad(u) _ 2||Var,(1)| rad(p)
(1/2) R—(1-1/V2)R  1/2+1/vV2—1 V2-1 '

O

The following result on the additivity of the R-transform was discovered in the scalar-valued
case by Voiculescu [Voi86]. The original proof by Voiculescu used canonical realizations of a
law p by (non-self-adjoint) random variables on a Fock space, and this was adapted to the
operator-valued setting by Dykema [Dyk07, §6]. This theorem can also be proved through the
combinatorial apparatus of free cumulants due to Speicher [Spe94] [Spe9§|, which we describe
in the next chapter. The analytic proof presented here is due (in the scalar-valued setting) to
Lehner |Leh01, Theorem 3.1] and can also be found in [Taol §4].

Theorem 4.7.3. For Imz > 25 > 2||Var, (1) + Var,(1)||*/2, we have
Oy (2) = Pulz) + 00 (2).

Also, for z in a fully matricial neighborhood of 0, we have
R,mu(2) = Ru(2) + Ry (2)

Proof. Let X and Y be freely independent random variables in (B, E') which realize the laws u
and v.

We begin by analyzing R, (z) in a neighborhood of the origin. Now 27! + R, (z) is the
functional inverse of G, (2) in a neighborhood of 0 which means that

El(z"'+Ru(2) - X) =2
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1

Multiplying by 2z~ on the right, we can write rewrite this as

E[(1+42R,(2) —2X) '] =1,
or in other words, the B-valued fully matricial function
Ux(z) = (14 2R,(2) —2X)" ' -1

has expectation zero (where in the definition of U )((")(z), X denotes X(™). The same holds
for the analogously-defined function Uy (z). We want to show that z~! — R, (z) — R, (z) is the
functional inverse of G,m,, which means that

GHEV(Zil + R/L(Z) + R,(2)) = z,
which after multiplying by z~! on the right is equivalent to
E[(1+ 2R, (2) + 2R, (2) — 2X — 2Y) 1] = 1.

We will rewrite the left hand side in terms of Ux(z) and Uy (z) so that we can apply freeness
together with the fact that Uy (z) and Uy (z) have expectation zero. Note that

(1+ 2R, (2) + 2R, (2) — 2X — 2Y) ™!
=[1+Ux(2)) "'+ (1 +Uy(2)t =171
= (1+ Ux(2)[(1+ Uy (2)) + (1 + Ux(2)) = (1 + Uy (2)) (1 + Ux (2)] 7 (1 + Uy (2))
= (1+Ux(2)[1 = Uy(2)Ux(2)] (1 + Uy (2)).

Now because Ux(0) = 0 = Uy (0), we know that for sufficiently small z, we can expand
[1 — Uy (2)Ux(2)]7! as a geometric series, and thus for small z,

o0

(1 —2R,(2) — 2R, (2) — 2X — 2Y) ™' = (1 + Ux(2)) <Z(Uy(z)UX(z))k> (14 Uy(2)).

k=0

Next, we take the expectation. Because Ux(z) and Uy (z) have expectation zero and because
X and Y are free, all the terms on the right hand side have zero expectation except the term 1
which comes from multiplying together the 1 from 1+ Ux(2), the 1 from the geometric series,
and the 1 from 1+ Uy (z). Therefore, as desired,

E[(1 - 2R,(2) — 2R, (2) —2X — 2Y) 1] = 1.

This shows that
Rumy(2) = Ru(2) + Ru(2)

holds in a neighborhood of zero.

This implies that ®,m, = ®, + @, if Imz is sufficiently large, and hence by Corollary
we have ®,m, = ®, + ®, on Hy 25(A), provided that this lies inside the common
domain of ®,m,, ®,, and ®,. Since Var,m, (1) = Var,(1) + Var,(1) and all these elements
are positive, we have || Var,m, (1)|| > max(||Var,(1)|,||Var,(1)||), and hence it is sufficient that
& > ||Var,m, (1)||*/2. O
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The Boolean Case

The results of this section can be found in [SW97] |[Ber06, Theorem 2.2] for the scalar case and
[PV13, §2 and §5.3] in the operator-valued case.

Definition 4.7.4. For an A-valued law pu, we define the B-transform as
Bu(2) = 2 = Fy(2).
We caution that some authors use this notation for B, (z) = B,,(z~') instead.

Remark 4.7.5. We showed in Theoremmthat B, (z) = w(X)™ +G, () for some generalized
law o.

Theorem 4.7.6. By, (2) = B,(2) + B,(2) as fully matricial functions.

Proof. Let X and Y be freely independent random variables in (B, E') which realize the laws u
and v. For small z, define

and note that

1+ E[Ux(2)] = E[(1 - 2X)" 1 =Gu(z)z7!

or in other words ~
(1+ E[Ux(2)])"" = 2Fu(2)

Note that Ux(z) is in the closed span of A(X)g. Define Uy (z) analogously. Then
1—2X —2Y =(14+Ux(2) ' +Q+Uy(2) ' —1
Therefore,

(1—2X —2Y) ' = [(1+Ux(2) P+ (1 +Uy(2) 't =17
(1+Ux(2)[1 = Uy (2)Ux (2)] (1 + Uy (2))

oo

=1+ Ux(2)) (Z(UY(Z)UX(Z))k> (14 Uy (2)).

k=0

Next, we take the expectation. Because Ux(z) and Uy (z) are in the closures of M, (A(X)o)
and M, (A(Y)o) respectively and because X and Y are Boolean independent, we have

oo

Bl(1 - 2X —2¥) ™) = (1 + E[Ux(2)) (Z(E[UY(Z)]E[UX(Z)])k> (1+ E[Uy (=)

k=0
=[1+E[Ux) ' +1+EUy()) -1

Therefore,

Gua(2)2" = [+ E[Ux(2)]) " + A+ E[Uy (2)) 7 = 1]

By taking reciprocals,

2P (2) = (1+ E[Ux (2)]) 7' + (1 + E[Uy (2)) 7' =1
= 2F,(2) + 2F,(2) — 1,
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Because 2F,(z) — 1 = 2B,,(z) and the same holds for Y and X + Y, this means precisely that
2Buw,(2) = 2B, (2) + 2B, (2)

for z in a neighborhood of 0. By Corollary 2.9.7) we have B, = B, + B, on the upper half
plane. O

The (Anti-)Monotone Case

The following result is due to [Mur00, Theorem 3.1] in the scalar-valued case and [Pop08a,
Theorems 3.2 and 3.7] in the operator-valued case, whose proof we follow here. Another proof
in the scalar case is in [Ber05|.

Theorem 4.7.7. We have Fj ., (2) = F,(F,(2)) and F,4,(2) = F,(F.(2)) as fully matricial
functions.

Proof. Let inv denote the fully matricial function z — z~! where defined. Since F, = inv Oéu )
inv and inv is an involution, it suffices to show that CN}’HDV = éu 0G,.

Let X and Y be monotone independent random variables in (B, F) realizing the laws u and
v. We know that

Elfo(Y)g1(X) /1(Y) .. gn(X) fu(Y)] = EIE[fo(V)]gr (X)E[1(Y)] - . gn(X) E[fu (Y]]

whenever f(Y) € A(Y)o and f(X) € A(X)o. However, this also holds trivially if f;(Y) € A,
and thus by linearity it holds when f;(Y) € A(Y).
Now for small z we have

Guov(2) = E[(1 — 2X — 2Y)712]

=E[(1-(1-2Y)2X)"'(1—-2Y)"

i 1—2Y) LX) (1 - 2y) !
k=1

Note that (1 — 2Y)~! is in the closure of M, (A(Y)) and 2X € M, (A(X)o) and hence by
monotone independence

Guov(2) = E | ) [E[(1 = 2Y) 2 X]PE[(1 — 2Y) 2]
k=1
= E Y [Gu(2)X]*G,(2)
k=1
=GLoG,(2).

This equality extends to all z by Corollary The anti-monotone case follows from the
monotone case since 1 v = v > U. [

4.8 Problems and Further Reading

Problem 4.1. Complete the details of the proof of Lemma in all four cases.

Problem 4.2. Let (B, E) be an A-valued probability space. Let By, ..., B, be A-subalgebras
of B. Show that for each type of independence, the following are equivalent:
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1. By, ..., B, are independent.
2. For each j, the algebras By V---V Bj_; and B; V -- -V B,, are independent.

Problem 4.3. For each type of independence, show the following: Let (B, E') be an A-valued
probability space and let By, ..., B, be A-subalgebras (unital in the free case). Then By, ...,
B,, are independent over A if and only if M, (B;), ..., M,(B,,) are independent over M,,(A) in
the probability space (M, (B), E(™).



Chapter 5

Combinatorial Theory of Independence

5.1 Introduction

While analytic transforms allow us to compute the convolution of two laws, one would like
more generally to compute arbitrary mixed moments of independent random variables X,
..., Xyn. The theory of cumulants provides a combinatorial tool to do this. The formula for
converting between moments and cumulants is phrased in terms of non-crossing partitions of
the set [n] = {1,...,n}. This makes the computations easy to visualize even if they are not
numerically tractable in high degree.

Cumulants also provide a way to characterize independence in the free and Boolean cases,
and the power series coefficients of the analytic transforms in the last chapter are given by
cumulants. Although free cumulants were defined by Voiculescu [Voi86], the combinatorial
approach is due to Speicher [Spe94], [Spe9s|, and the adaptation to other types of operator-
valued independence is due to various authors, whom we will cite individually below. We begin
with basic definitions concerning non-crossing partitions.

5.2 Non-crossing Partitions

Definition 5.2.1. A partition of [n] is collection of nonempty subsets Vi, ..., Vi such that
[n] = |_|§:1 V. We call the subsets V; blocks. We denote by |r| the number of blocks. We
denote the collection of partitions by P(n).

Definition 5.2.2. Let w be a partition of [n]. A crossing is a set of indices i1 < j1 < @2 < j2
such that i; and iy are in the same block V' and j; and jo are in the same block W # V. A
partition is said to be non-crossing if it has no crossings. We denote the set of non-crossing
partitions by NC(n).

A partition is non-crossing if and only if it can be drawn in the plane without crossings.
See Figures 5.2 and Figure [5.2

Definition 5.2.3. A partition © € P(n) is an interval partition if every block V has the form
{j,7+1,...,k} for some j < k. We denote the set of interval partitions by Z(n).

Note that every interval partition is non-crossing.

79
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]

e 6 6 o o o o
12 3 4 5 6 7

Figure 51: The partition {{1,7},{2,4},{3,5,6}} has a crossing 2 < 3 <4 < 5.

Figure 52: A non-crossing partition with blocks Vi = {1,5,7}, Vo = {2,4}, V3 = {3} and
Vi = {6}.

Lattice Properties

Definition 5.2.4. We say that a partition 7w refines a partition o, or m < g, if every block of
7 is contained in some block of o.

Definition 5.2.5. Given a partitions 7, ..., m, of [n], we define their common refinement
m
/\71'k:7r1/\-~-/\7rmz{V:V1ﬂ---ﬂVm:Vkablockofﬂ';C and V # o}.
k=1

The notation here makes sense because A is commutative and associative.

Lemma 5.2.6. If w1, ..., T, are non-crossing partitions of [n], then w1 A -+ A 7y 48 non-
crossing. If w1, ..., my are interval partitions, then m A --- A m, is an interval partition.

Proof. First, consider the non-crossing case. Suppose for contradiction that 7 = w1 A -+ Ay
has a crossing i1 < j1 < i2 < jo, where 1,72 € V and j1, jo € W for two distinct blocks V' and
W of w. By definition of A, for each partition 7, the indices i; and is must be in the same
block Vi, and the indices j; and j, must be in the same block Wj. Since 7 is non-crossing,
Vi must equal Wy, so that i1, iz, j1, and jo are all in the same block of 7. But since this
holds for every k, the four indices must have been in the same block of 7, which contradicts
our assumption that i; < j; < i3 < jo is a crossing.

The interval case is immediate because the intersection of intervals is an interval. O

The common refinement 7 A - -+ A 7, can be thought of as the minimum or greatest lower
bound of mq, ..., m,, with respect to the refinement partial order <. Indeed, we have w4 A--- A
T < 7 for each k; on the other hand, if 7 < 7 for each k, then # < 7wy A -+ A7y
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Figure 53: The partition = = {{1,5},{2,3},{4}} and 7\ {2,3}.

Moreover, each collection P(n), NC(n), and Z(n) has a mazimum operation given by

T Vp - Vp Ty 1= /\ ™

TEP(n)
> Vk

1 VAN - - VNC T 1= /\ m

TeNC(n)
T>mEVk

T VT - VT Ty 1= /\ .

wEL(n)
>R Vk

In each case, the maximum is the smallest partition that is > each of the 7;’s. This shows that
each of the partially ordered sets P(n), NC(n), and Z(n) is a lattice, that is, a partially ordered
set with greatest lower bounds and least upper bounds.

Further Terminology

Definition 5.2.7. Let V' and W be blocks in a non-crossing partition w. We say that V >= W
if there exist j,k € W with V C {j 4+ 1,...,k — 1}. In terms of the picture, this means that V
is inside of W. Note that < is a strict partial order on the blocks of 7.

Example. In the partition in Figure we have V3 = Vo = Vj and V4 = Vi, but Vy is
incomparable with V5 and V3.

Definition 5.2.8. Let 7 € NC(n) and let V be a block of m. Then we denote by 7\ V the
partition of [n — |V|] given by deleting V' from 7 and reindexing the terms [n]\ V in order. For
example, see Figure [5.2

5.3 Partitions as Composition Diagrams

A non-crossing partition can be interpreted as a diagram for composition of certain multilinear
forms.

Definition 5.3.1. Let B and C be A-A-bimodules. A multlincar form A : B¥ — C will be
called an A-quasi-multlinear if we have

A[abl,bg, .. 7bk] = aA[bl, .. 7bk]
A[bl,. . ‘,bk,hbka] = A[bl, .. .,bk,l,bk]a
A[b17...,bja,bj+1,...7bk] :A[bl,...,bj,abj+1,...,bk].
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EEREERRE

7 8 9 10

Figure 54: For the partition = = {{1,7,9},{2,3},{4,6},{5},{8},{10}}, we have
Ax[b1, ..., bio] = Az[b1, Ag[ba, b3]Aa[by, Aq[bs]bg|br, Ai[bs]bo] A1 [bio].

We remark that
e A is A-quasi-multilinear if and only if it induces an A-A-bimodule map
B®yg--@4B—C,

where ® 4 denotes the algebraic tensor product over A of a right A-module with a left
A-module.

e If V and W are vector spaces and A : V¥ — W is a multilinear form, then the matrix
ampflication A+~ : M, (V) is M,,(C)-quasi-multilinear.

e If (B,E) is an A-valued probability space, then A[by,...,bx] = E[b;...bx] is A-quasi-

multilinear.

Definition 5.3.2. Let B be an A-algebra. Let A, : B — A be a sequence of A-quasi-
multilinear forms. For m € NC(n), we define A; be the following recursive relation. If V =
{j+1,...,k}is a block of = with k < n, then

Arlbr, ... bn] = Ay by, oo by Ap—jlbjga, - -, bibrgs -, bo).
and if k¥ = n, we have
Arlbi, ... bn] = Ay lbr, .o b5 A j[bjs1, ..., by
For example, see Figure [5.3]

To show that this is well-defined, first note that every partition must have some interval block
because a maximal block with respect to < must be an interval. Moreover, by the associativity
properties of composition and the fact that A,, is A-quasi-multilinear, the resulting multilinear
form A is independent of the sequence of recursive steps taken to evaluate it. Moreover, it is
straighforward to check that A, is A-quasi-multilinear.

Remark 5.3.3. The A-quasi-multilinear forms A, respect disjoint unions of partitions in the
following sense. Suppose that m = m; U 7o where 71 is a non-crossing partition of {1,...,k}
and 79 is a non-crossing partition of {k + 1,...,n}. Then

Kalbiy . bp] = Ky [b1s - be) Kry [Brtts - - - > bl

Now given a sequence of A-quasi-multilinear forms A, and coefficients «,; € C for each
non-crossing partition m, we can define a new sequence of A-quasi-multilinear forms I';, by

Tp= > amh. (5.3.1)

TeNC(n)
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In the moment-cumulant formulas to come, we will take T',[b1,...,b,] = E[by ...b,] and the
coefficients o will depend on the type of independence. In order to determine the cumulants
from the moments E[b; ...b,], we will need to apply Mobius inversion to the formula (5.3.1)).

Lemma 5.3.4. Let B be an A-A-module. Let T, : B" — A be a A-quasi-multilinear form. For
each non-crossing partition w, let a; € C, and assume that o, # 0 when 7 consists of a single
block. Then there exist unique A-quasi-multilinear forms A, : B® — A such that (5.3.1)) holds.

Proof. By separating out the partition {[n]} with only one block on the right hand side of
(5.3.1]), we arrive at the formula

1
T, = A= > el
A} TENC(n)
|| >1

Here I'; can be computed from {T'y : k < n}, and thus we can solve for I',, inductively. One
checks inductively that I';;, is A-quasi-multilinear. O

5.4 Cumulants and Independence

The Free Case

The free cumulants were defined by Voiculescu in [Voi85], [Voi86]. Speicher defined joint cu-
mulants and discovered the relationship with non-crossing partitions [Spe94]. He also defined
the operator-valued free cumulants in [Spe98]. We follow essentially the arguments of [Spe98,
§3] which can also be found in [AGZ09, §5.3.2] in the scalar-valued case.

Definition 5.4.1. Let (B, E) be an A-valued probability space. The free cumulants are the
A-quasi-multilinear forms K, : B" — A given by

Eby...by)= > Knlbi,... b (5.4.1)
TeNC(n)
This is well-defined by Lemma[5.3.4]

The next result show that free independence is characterized by vanishing of mixed cumu-
lants.

Theorem 5.4.2. Let By, ..., By be unital A-subalgebras of the A-valued probability space
(B,E) and let K,, be the nth free cumulant function for B. The following are equivalent:

1. By,..., By are freely independent.
2. If by, ..., by € Bwith b; € B;; and not all the i;’s are the same, then Kplb1,...,bn] =0.

Proof of (2) = (1). First, suppose that (2) holds. To demonstrate free independence, sup-
pose that by, ..., b, € B with b; € B;,, ij # i;41, and E[b;] = 0. We have

Eby...bl= > Kglbr,... bl
TeNC(n)

Each partition 7 must have a maximal block with respect to < which must be an interval block
I={j+1,...,k}. If k > j+1, then I contains elements from more than one B; since i; # i;41.
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Hence, Kj—;[bji1,...,bk] = 0 by condition (2). On the other hand, if k = j + 1, then I is a
singleton and Ki[bjy1] = E[bj+1] = 0. Therefore, all the terms in the sum vanish, and hence
Bi, ..., By are freely independent. O

For the other direction, we use the following lemma which describes how to evaluate the
cumulants of products.

Lemma 5.4.3. Let my, ..., m, > 1, and let My = Z§=1 mj. Let w : [M,] — [n] be the
function that maps {M;_1+1,...,M;} onto j. For m € NC(n), let w*n = {w " Y(V):V € 7}
Let T € NC(M,,) be the partition with blocks {M;_1 +1,...,M;}. Let V denote the mazimum
operation NV nre. Then for m € NC(n), we have

Koal(by - bar)s (bary1 - -bagy)s oo (b ygr - bar )] = Y Kolbr..bag]. (54.2)

cENC(M,,)
oVr=w*m

Proof.

Step 1: Given N > 1, we will show that if the claim holds for the partitions {[n]} for n < N,
then it holds for every partition 7 with blocks of size < N. We proceed by induction on |r|. If
|| =1, then m = {[n]}, so there is nothing to prove. Otherwise, there exists an interval block
V ={j+1,...,k} of =. By the inductive hypothesis, the claim holds for the partition {[k — j]}
and it holds for 7 \ V. Therefore, using the recursive definition of the cumulants and splitting
up all the partitions named into subpartitions of w=(V) and [M,] \ w=!(V), we have

Knly . bar)y baryst - 0agy) sy (bar i1+ bar)]

= Z Z Ktb(tfl’ffz)[bl?"'aan]a

CLENC(My—(Mp—M;))  02€NC(My—M;)
oV(r\w (V) =w*m\w ™ (V) o2V T|v=[M)—Mj,]

where ¢(o1,02) is the partition of [M,,] given by

o(01,02) w1 vy =02 ¢(01,02) (s, w1 (v) = O1-

Since w=(V) is an interval, it is clear that ¢(o1,02) is non-crossing. Also, the two conditions
o1 V(T \w (V) =w*r \w (V) and 02 V 7|y, = [M}), — M;] are equivalent to

@(o1,02) VT =wr.

Moreover, every partition o with o V 7 = w*m must restrict to subpartitions of w=!(V') and
its complement since it is o < w*m. Thus, o can be expressed as ¢(o1,02) where o1 and os.
Therefore, the claim holds for the partition 7.

Step 2: It remains to show that the claim holds for the partitions {[n]}, which we will
prove by induction on n. The base case n = 1 follows immediately from the moment cumulant
formula because in this case 7 = {[M;]}. For the inductive step, choose n > 1 and note that

Eby...ba, )= Y. Kolbr,... b,]
oceNC([My])

> > Kolbr,... b,

TeNC(n) ceNC(M,,)

oVr=w*m
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On the other hand,

E[(bl . b]V[1)(bM1+1 . sz) . (an71+1 . an)]

= > Kl(br.bar), (bagy 1 -bag) sy (bag, i1 -+ bag, )]
TENC(n)

For every partition 7 other than {[n]}, we know that (5.4.2)) holds by the inductive hypothesis
and Step 1. But summing up the left hand side and the right hand side of (5.4.2)) over all
m € NC(n) yields E[by...bys,]. Thus, the terms for the partition {[n]} must also be equal, so

that (5.4.2) holds for {[n]} also. O

Lemma 5.4.4. Let (B, E) be an A-valued probability space. If n > 1, a € A and by, ...,
b, € B, then
Kn+1[b17~-- 7bjaa’7bj+la"'abn] =0.

Proof. We proceed by induction on n, but we include the argument for base case n = 1 in the
induction proof. Consider the case where j < n. Then we may apply the product formula
to evaluate Ky (b1,...,b;,abji1,...b,). In this case, 7 = {[n]}, w*m = {[n + 1]} and 7 is the
partition where every block is a singleton except {j + 1,j + 2}. Other than {[n + 1]}, every
partition o with ¢ V 7 = w*r must have two blocks V; 3 j+ 1 and Vo 3 j + 2. If |V4]| > 1,
then K is evaluated by applying K|y,| to the indices in V;, which include the index j + 1 of
the term a, and by induction hypothesis, this evaluates to zero. The only remaining partition
is when |Vi| = 1 which means that V; = j + 1. Thus,

Kn(bl, .. .,bj,abj+1, .. bn) = Kn+1[bl, e ,bj,a,bj+1, .. ,bn}+Kn[bl, e ,bj,Kl[(l}bj_i_l, .. ,bn]

Since Kj(a) = a, the second term on the right is equal to the left hand side, so that the K, 11
term vanishes. In the case j = n, we apply the same reasoning to K, (b1,...,b,—1,bna). O

Proof of Theorem[5.4.3 (1) = (2).

Step 1: First, we show that given by, ..., b, with n > 2, b; € B;; and i; # ij11, we have
K, (b1,...,b,) = 0. We proceed by induction on n, the base case being included in the same
proof as the induction step. In light of Lemma and multilinearity, the value of K,, is
unchanged if we replace b; by b; — E[b;], so we may assume without loss of generality that
E[b;] = 0. Then it follows from free independence that

0=E[by...bp] = > Kqlbr,...,bsl.
TeNC(n)

Now if 7 € NC(n) has a singleton block {j}, then the term K[b1,...,b,] vanishes because
Ki[b;] = E[b;] = 0. If 7 has no singleton blocks and 7 is not the partition {[n|}, then 7
must have some interval block V- = {j + 1,...,k} with 1 < k —j < n. By the induction
hypothesis, Ky_;[bjt1,...,bx] = 0 and therefore K [bi,...,b,] = 0. The only remaining term

is K,[b1,...,by,] and since the terms add up to zero, this last term must be zero as well.

Step 2: Now we prove the general case of (2), again by induction. Let n > 2, and suppose
bi, ..., by with b; € B;; and not all the i;’s equal. If i; # i;,1 for each j, we are done by Step
1. So suppose that i; = i;4; for some j. Applying the product formula, we have

Knoalbrs .o bjo1,bibjn,biga, bl = Y Kalbr,...,bal,
ceNC(n+1)

oVvr={[n]}
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where 7 is the partition in which every block is a singleton except {j, j+1}. The left hand side
vanishes by induction hypothesis. On the right hand side, every partition other than {[n]} has
two blocks Vi 3 j and V2 > j + 1. Because not all the i;’s are equal, either V; or V5 contains
indices j with more than one value of 4;. Thus, K[b1,...,b,] vanishes by induction hypothesis.
So all the terms vanish other than K, [b1,...,b,], hence K,[b1,...,b,] = 0 also. O

Theorem [5.4.2 has as a corollary the following rule for evaluating joint moments of freely
independent random variables.

Lemma 5.4.5. Let By, ..., By be freely independent subalgebras of (B, E) and let K,, be
the nth free cumulant. Let by, ..., b, € B with b; € B;;. Let o be the partition with blocks
Vi = {j : bj S Bl} Then

Eby...by)= > Kxlbi,... b,
TeNC(n)

7<o

where the right hand side is expressed purely in terms of the free cumulants for the B;’s.

Proof. We express E[bi,...,b,] as the sum over all partitions # € A'C(n). Then by Lemma
we Kr[b1,...,b,] = 0 unless each block of 7 only contains b;’s from the same algebra B;.
But this is equivalent to 7 < o. O

Lemma 5.4.6. Let (By, Eo) be an A-valued probability space. Let (B, E) be the free product of
N copies of (By, Ey) with inclusions pj : Bo — B for j =1,...,N. Then we have

N N
j=1 j=1

where the left hand side is the free cumulant of (B, E) and the right hand side is the free
cumulant of (Bo, Ey).

Proof. This follows by expanding the left hand side by multilinearity and then applying Theo-
rem [5.4.2l We also use the fact that since Ey = E o p;, we also have Ky [p;(b1), ..., p;j(by)] =
K, [b1,..., b, O

Remark 5.4.7. Another consequence is that to check free independence of algebras B, ...,
By, it suffices to check the mixed cumulants vanish for a generating set of each algebra. More
explicitly, suppose that B; is contained in the closed A-algebra generated by an 4-.4-bimodule
S; C B with S; = S7. Suppose also that K,[s1,...,s,] = 0 whenever s; € S;, and not all the
i;’s are equal. Then for every string s, ..., s, with s; € S;,, we have by the same argument
as Lemma [5.4.5] that

Els1...s5] = Z Kr[s1y...,8n],

<o

where o is the partition with blocks V; = {j : 4; = i}. This agrees with the expectation of
the same string in the free product of the algebras A(S;) generated by S;. Moreover, the span
of such strings is dense in the A-algebra generated by Si, ..., Sy. Therefore, the algebras
generated by S1, ..., Sy have the same expectation as if they were freely independent, which
means that they are freely independent.
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The Boolean Case

The Boolean cumulants were developed by [SW97] in the scalar case and [Pop09] in the operator-
valued case; see also [PV13] §2].

Definition 5.4.8. A partition 7 of [n] is called an interval partition if every block is an interval
{j+1,...,k}. We denote the set of interval partitions by Z(n) C NC(n).

Definition 5.4.9. Let (B, E) be an A-valued probability space. The Boolean cumulants are
the A-quasi-multilinear forms K, : B — A given by

Eby...bp] = Y Kqlby,... byl. (5.4.3)
w€L(n)

This is well-defined by Lemma using ar = lrez(n) for m € NC(n).

Theorem 5.4.10. Let By, ..., By be non-unital A-subalgebras of the A-valued probability
space (B, E), and let K,, be the nth Boolean cumulant of B. The following are equivalent:

1. By,..., By are freely independent.
2. Ifby, ..., by € B with b; € B;; and not all the i;’s are the same, then K,[by,...,b,] = 0.

Proof of (2) = (1). First, suppose that (2) holds. To demonstrate Boolean independence,
suppose that by, ..., b, € B with b; € B;, and i; # ij11. Then we have

Elby...by) = Y Kxlby,...,bnl.

w€ZL(n)

If 7 is an interval partition that has an interval I with |[I| > 1, then I contains elements
from more than one algebra B; and hence the cumulant corresponding to that block vanishes.
Therefore, the only partition that contributes to the sum is the partition of singletons, which
implies that

E[by...by) = Kilb1] ... Ki[bn] = E[b1] ... E[b,].

O

For the other direction, as in the free case, we use the following product formula for cu-
mulants. The proof is word-for-word the same as in the free case, except that non-crossing
partitions are replaced by interval partitions.

Lemma 5.4.11. Let my, ..., my > 1, and let My, = Z?:l mj. Let w: [M,] — [n] be the
function that maps {M;_1 +1,...,M;} onto j. For m € I(n), let w*r = {w™ (V) :V € x}.
Let T € I(M,) be the partition with blocks {M;_1 +1,...,M;}. Let V denote the mazimum
operation Vz. Then for m € Z(n), we have

Ka[(by . ban)s (ary 1+ ba)s oo (bt g1 -2 bar )] = > Kolby,.o by ] (5.4.4)

oE€T(M,)
oVr=w*m

Proof of Theorem|5.4.100 (1) = (2).
Step 1: First, we show that Kp,[bi,...,b,] = 0 when n > 2, b; € B;,, and i; # ij11. We
proceed by induction on n. By Boolean independence, we have

Eb]...Elby] = E[by... byl = > Krlby,... b
TEL(n)
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Now if 7 is not equal to the singleton partition or the partition {[n]}, then 7 has some interval
block {j +1,...,k} with £ — j > 2. By induction hypothesis Ky_;[bj+1,...,bx] = 0, so that
Kr[b1,...,b,] = 0. The singleton partition yields the term Ki[bi]...K1[bn] = E[b1]... E[b,]
which is equal to the right hand side. The only term which is unaccounted for is the term
K, [b1,...,b,] on the right hand side, so this must equal zero.

Step 2: Now we prove the general case of (2) by induction on n. Let n > 2 and let b; € B;,
with not all the ¢;’s equal. If i; # 7;41, we are done by Step 1. So assume that i; = ¢j41. Let
7 be the partition of [n] with all singleton blocks except for {j, 5 + 1} and note that the only
two interval partitions o with o V7 = {[n]} are {[n]} and {{1,...,5},{7+1,...,n}. So by the
product formula

Kn q[b1,...,0j-1,b5bj41,0519,...,bp] = Kyplbi, ... bn] + Kjb1, ..., 0] Kn_j[bjt1,...,bn)

By induction hypothesis, the left hand side and the second term on the right hand side vanish,

and therefore, K,[by,...,b,] = 0. O
Lemma 5.4.12. Let By, ..., By be Boolean independent A-subalgebras of (B, E), and let K,
be the nth Boolean cumulant. Let by, ..., b, € B with bj € B;,. Let o be the partition with

blocks V; = {j : bj € B;}. Then

Eby...bl= Y Kqlbi,... by,

w€ZL(n)

<o

where the right hand side is expressed purely in terms of the Boolean cumulants for the B;’s.

Proof. We express E[by,...,b,] as the sum over all partitions 7 € A'C(n). Then by Lemma
we K [bi,...,b,] = 0 unless each block of 7 only contains b;’s from the same algebra B;.
But this is equivalent to 7 < o. O

Lemma 5.4.13. Let (By, Ey) be an A-valued probability space. Let (B,E) be the Boolean
product of N copies of (Bo, Ey) with non-unital inclusions p; : By — B for j =1,...,N. Then
we have

N N
Ko |> pi(01),. Y pi(ba) | = NEp(by, ..., by),
j=1 j=1

where the left hand side is the Boolean cumulant of (B, E) and the right hand side is the Boolean
cumulant of (Bo, Fo).

Proof. This follows by expanding the left hand side by multilinearity and then applying Theo-
rem [5.4.10, We also use the fact that since Ey = E o p;, we also have K,[p;(b1),...,p;(bn)] =
Kn[bla"'vbn]' O

Remark 5.4.14. Similar to the free case, in order to check Boolean independence of algebras By,
..., By, it suffices to check the mixed cumulants vanish for a generating set of each algebra.
More explicitly, suppose that B; is contained in the closed A-algebra generated by an A-A-
bimodule S; C B with S; = S;. Suppose also that K,[si,...,s,] = 0 whenever s; € S;, and
not all the ¢;’s are equal. Then By, ..., By are freely independent.
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The Monotone Case

The monotone cumulants were developed in the scalar case by [HS11b| |HS1la] and in the
operator-valued case by [HS14].

Definition 5.4.15. Let 7 € NC(n). Let R™ be the product of copies of R indexed by the
blocks of the partition (or equivalently labelings of the blocks by real numbers). We say that
t € R™ is compatible with w or t |= 7 if we have V' < W implies ty < ty for V,W € 7.

Definition 5.4.16. Let (B, E) be an A-valued probability space. The monotone cumulants
are the A-quasi-multilinear forms K, : B — A given by

Elby...ba]= > vaKzlb1,... ba, (5.4.5)
TENC(n)

where
Ve =[{t €0,1]" : t = 7}
This is well-defined by Lemma [5.3.4] using a; = ;.

In the monotone (and anti-monotone) cases, we cannot have an analogue of Theorems
and [5.4.10| because monotone independence is not invariant under reordering the algebras.

However, the analogues of Lemmas 5.4.12] and Lemmas 5.4.13| do hold.

Lemma 5.4.17. Let By, ..., By be monotone independent subalgebras of (B, E) and let K,
be the nth monotone cumulant. Let by, ..., b, € B with b; € Bij. Let o be the partition with
blocks V; = {j : bj € B;}. For each m < o, denote

Ty, ={Wern: W CV;}.
Then we have

Elby...b,) = Z |{t IS [0,1)7T|V1 X o X [N — 1,N)7T\VN ot ':ﬂ}’Kﬁ[bl,...,bn].
TENC(n)

<o

Proof. We define a new partition 7 < o as follows. Let 7; be the partition of V; defined
by taking the common refinement of the partitions {V; N [1,k —1],V; N [k + 1,n|} for each
k € U;.;Vi- Then let 7 be the partition with blocks U?Zl 7j. In other words, 7 is chosen to
be the maximal refinement of ¢ such that if two elements r and s are in the same block within
V;, then there are no elements of V;, i < j, between r and s.

For example, suppose that V; = {1,3,8}, Vo = {2,4,6}, and V5 = {5,7,9}. Then V3 is
subdivided into blocks {5} and {7} and {9}, and V3 is subdivided into blocks {2} and {4, 6},
and V] remains one block.

We can use monotone independence to evaluate E[b; . ..b,] in terms of E|g, in a way which
mimics the construction of 7. Indeed, if {j + 1,...,k} is a block of 7y, that means that
bjt1,...,br are in By, while b; and bg+q are not (when b; and byiq exist). Therefore, by
monotone independence,

Elby...by) = E[by...b;Ebjs1 ... belbrsr .. bnl.

We can apply the same reasoning to each block of 7. Then we are left with a string of length
n — |Vn| after we group each term E[bj4q...0,] € Afor {j +1,...,k} € Tn together with the
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following element by11. Next, by monotone independence, we may apply E to each block of
Tn_1, and so forth.

Altogether, E[b; ...b,] is equivalent to the expression we get by applying the expectation
to each block of 7; (together with the intervening terms in J;; V;). For example, in the case
where Vi ={1,3,8}, Vo = {2,4,6}, and V3 = {5,7,9}, we have

E[by...bg] = E[b1 E[b2]bs E[bsE[bs]bs E[br]]bs E[bg]].

Next, we apply the moment-cumulant formula (5.4.5) within each block of 7;. We obtain

S ety - Vel En(brs ).

T<T
mlw, ENC(W;)

where W1, ..., W, are the blocks of 7 and NC(W}) is the set of non-crossing partitions of the
set W; with the standard ordering of the elements.

We claim that for each term in the sum, 7 € NC(n). Indeed, consider two blocks P and
Q of m. If P and @ are in the same block of 7, then they are not allowed to cross. If P and
@ are not in the same block of 7, but they are in the same Vj, then they also cannot cross
because the blocks of 7; in Vj are intervals in V; and hence do not cross. Finally, suppose that
P is within V; and @ is within V; with ¢ < j. By construction of 7, the blocks of 7; do not
cross V;, and therefore a fortiori P and () cannot cross. Therefore, we can replace the condition
“m < 1ymlw, € NC(W;)” in the sum by “m € NC(n);m < 7.7

Next, we rewrite the term Yrlwy - Vrlwy, - Suppose that V; = Uielj W;. Then because the
Wi’s form an interval partition of Vj, the blocks in different W;’s are incomparable with respect
to . Therefore, t € [0,1]™V is compatible with |y, if and only if t|y, is compatible with
7w, for each i € I;. This means that

H ’YW‘WI = ’Yﬂ‘vj

icl;
and hence
’y.,r|W1 . "y‘fflwm = ’yﬂ‘vl .. "y"T|VN'
We write this as
N N
[Tt e 0,0 st alyd| = [t € - 1.0)™ : t =y},
j=1 j=1

where the equality follows from translation-invariance of Lebesgue measure. Now note that if
P C V;and Q C V; with ¢ < j, then there cannot be any elements of P between any two

elements of @ and therefore P ¥ Q. This implies that ¢ € [0, N)™ satisfies t|y, € [j — 1,)"vi
and t|y, is compatible with 7|y, for each j, then ¢ is compatible with 7. Thus,

N

[Tlteli—1.)™ t=aly,} =[{t€[0,1)™™ x - x [N =1, N)vn 1 ¢ |= 7}
j=1

Therefore,

E[blbn]: Z HtE[O,l)ﬂwX---X[N—LN)W‘VN:t':ﬂ'}’Kﬂ—[bl,...,bn].
TENC(n)

<t
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It only remains to replace m < 7 by @ < ¢ in the index set for the sum by showing that the
terms for m £ 7 vanish. Suppose that 7 < o but 7 £ 7. Then 7 must have some blocks P C V}
and @@ C V; with ¢ < j such that there exist r < k < s with r,s € P and k € Q. But then
Q@ ~ P. However, if

€[0,1)™1 x ... x [N =1, N)™lvw |

then tgo < tp and hence ¢t cannot be compatible with 7. This implies
{te[0,1)™ x ... x [N=1,N)"" :t =7} =2
so that m does not contribute to the sum. O

Lemma 5.4.18. Let (By, Ey) be an A-valued probability space. Let (B,E) be the monotone
product of N copies of (By, Ey) with non-unital inclusions p; : By — B for j =1,...,N. Then
we have

ij (by), ij =NEK,[bi,..., b,

where the left hand side is the monotone cumulant of (B, E) and the right hand side is the
monotone cumulant of (By, Ep).

Proof. We can define two sequences of A-quasi-multilinear forms B"™ — A by
Aplbr, ... by = NK,[by, ..., by

and
T,lbi,. .. b Zp] by), ij

(To show that T, is A-quasi-multilinear, we use that fact that p; is an A-.A-bimodule map
even though p;| 4 is not identity.) We want to prove that I',, = A,, and to do this, it suffices by
Lemma [5.3.4] to show that

> lalby,obal = Y eAlby,. . bal.

TeNC(n) TeNC(n)

Note that A [by,...,b,] = NITIK [by,...,b,] by multilinearity of K,,. Meanwhile, on the right
side, we simply have a joint moment of the variables Z;VZI p;(b;) in (B, E). In other words, we
must show that

Zp] bl ij = Z Nlﬂ—l"Yﬂ'Kn(bla-uabn)'

TeNC(n)
Let ¢; = Z;V 1 pj(b;). We will first evaluate Elc; ...c,] in terms of the joint cumulants of
the b;’s. By multilinearity,
E[Clw--acn]: Z E[pjl(b1)7""pjn(bn)]'

jlv---vjne[N]
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Given ji, ..., jn, we define sets V;(j1,...,jn) = {i : i = j} and let 0}, . ;. be the correspond-
ing partition. Then we have by Lemma that

Blen.ovea = 3 30 {0, xe X [N=1, N) <t | | Kalpg, (ba), -, i, (b))
Jirein€IN] mENC(n)

In this sum, K, is computed completely from the joint cumulants K, applied to tuples of
variables within the same algebra B;. Therefore, the sum is equal to

> S Htel0, )™ x o x [N =1, N)™ N it =} Kelby, ... by,

TX0jq,.., Jn
We can view this as a sum over pairs 7 and (V3,...,Vy) where 7 < {V1,...,Vn} because the
indices 71, ..., jn are uniquely determined by the sets V1, ..., Vi, and we thus obtain

> > H{telo, )™ x o x [N = 1L,N)™ st = w}| Kqlby, .., bal.
meNC(n) (V1,...,VN)
{V1,....,Vn}2>m

Next, note that

[0,N)™ = |_| H [iw —1,dw) = |_| [0,1)71'|V1 X oo X [N—l,N)”lVN,
(w)wer Werm V1,0, V)

and therefore

{teo,N)":tErt= || {tel0, )™ x - x[N=1LN)"" :t=n}.
(Vl,...,VN)
{Vi,...,Vn}>m

Therefore,

Blen. el = S {6 €(0,N) <t w}| Kalbs -, bu]
TeENC(n)

= Z N‘ﬂ-lryﬂ-Kﬂ—[bl,...7bn]
TeNC(n)

as desired. O

5.5 Non-Commutative Generating Functions

In order to understand the relationship between cumulants and the analytic transforms dis-
cussed in the last chapter, we first establish some basic terminology for formal power series of
multilinear forms. For further background, see [Dyk07], [Pop08b].

Definition 5.5.1. A non-commutative generating function is a formal power series F(z) =
v Aklz, ..., 2] where Ay : A¥ — Ais a multilinear form. (Here a multilinear form A° — A
is interpreted as a map C — A or equivalently a constant in A.)
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Definition 5.5.2. If F' =%, A and G =), I';,, then we define the composition

oo

FOG(z):Z Z FLV) A1 U R R 1|
k=0 mi..me>1
myi+--4+me=k

or more succinctly

FOG:Z Z Z Aé[rmla-urmz]
k=0

= 221 mlmngI
mi+-+me=k

Note that composition is associative.

Lemma 5.5.3. Let F' = Z;OZO Ap with Ag = 0 and Ay invertible as a linear map. Then there
exists a non-commutative generating function G such that F o G(z) = z and G o F(z) = z.

Proof. First, let us show the existence of a unique right inverse for F. If G = 3", ., 'y, then
G being a right inverse for F' means that

id, k=1
> Ae[rml,...rmg]z{o el

ml...m521
mi+--+me=k

From the £ = 1 case, we see that I'y = A;l. For k > 1, can write

Ak[Fl,...,Fl]:—Z Z AZ[me"'sz]

£>1 my..mg>1
ma++me=k
by separating out one term from the sum. Because I'; is invertible, this allows us to solve
for Ay inductively. This proves existence and uniqueness of a right inverse G. There is a
similar argument for the existence and uniqueness of a left inverse H. But then we have
G=(HoF)oG=Ho(FoG)=H, so the right and left inverse agree. O

The following observations are elementary from the theory of fully matricial functions al-
ready developed. Every fully matricial function defined in a neighborhood of zero can be viewed
as a non-commutative generating function )~ ARF(0,...,0)[z,...,2]. The composition and
inverse function operations for fully matricial functions agree with the more general definitions
for generating functions.

Conversely, a non-commutative generating function defines a fully matricial function if the
power series converges in ||-||x on some ball B(0, R). However, in general, the multilinear forms
in a generating function need not be completely bounded, let alone have their sum converge
absolute in ||-||4.

However, we can view a non-commutative generating function as a literal function defined
on upper triangular nilpotent matrices. Let A, (A) be the algebra of strictly upper trian-
gular (hence nilpotent) matrices over \A. A non-commutative generating function F(z) =
S0 Aklz, ..., 2] defines a map F(™ : N, (A) — N, (A) (where we evaluate F(z) using Ak#)
which respects direct sums and intertwinings. Formally, we have Ay = A¥F(0,...,0). More-
over, the formal composition and inverse operations agree with the composition and inverse
operations for functions N, (A) — N,,(A).
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‘b

X Z21 X %2 X 23 X 24 X 25 X

Figure 55: For = = {{1,5,6},{2,3},{4}}, we have Cumg(y)z1,...,25] =
Cums(p)[z1 Cuma(p)[22]zs Cumy (1) 24, 25].

5.6 Cumulants of a Law and Analytic Transforms

Cumulants of a Law

Definition 5.6.1. Let u be an A-valued law. We define the nth free / Boolean / monotone
cumulant of i as the multilinear form A"+t — A given by

Cumy, ()21, 2n-1] = Kn[X21,X29,..., X201, X]| = Kp[X, 212, ..., 2n—2X, 2n—1 X],

where X is a random variable in a probability space (B, E) which realizes the law p, and K, is
the nth free / Boolean / monotone cumulant for (B, E).

Definition 5.6.2. More generally, for 7 € NC(n), we define the 7 cumulant of u by
Cumy (p)[z1, ..y 2n-1] = Kp[X21,X29,..., X2p—1, X]| = K:[X, 217, ..., 2n—2X, 2n_1 X].

These cumulants are equivalently given by the following recursive relations: First, if I = {j +
1,...,k} is a block of 7, then

Cumg(p)[21, ...y 2n—1] = Cump (1) [21, - -+, 25 Cumype_ 5 (1) (2541, - - -5 2Zk—1]2ks - - -, Zn]-

Remark 5.6.3. Diagrammatically, we can view the elements of {1,...,n} as copies of X, while
the z;’s occupy the white space between the X’s. See Figure

Definition 5.6.4. The moment generating function of a law u is the non-commutative gener-
ating function

oo

Z Momyg|z, ..., z].

k=0 Y
k+1

Note that this is equal to G,(2) as a generating function.

Definition 5.6.5. The free / Boolean / monotone cumulant generating function of p is the
non-commutative generating function

i Cumyg|z,
k=1

oo 2]

k—1



5.6. CUMULANTS OF A LAW AND ANALYTIC TRANSFORMS 95

Free Cumulants and the R-transform

Theorem 5.6.6. For a non-commutative law u, the free cumulant generating function is equal
to R,,.

Proof. Recall that 2=! + R,,(z) is the functional inverse of G, (z), which means that

(z7 '+ Ru(2 i

k=0

is the functional inverse of G ,(z).
Let Ay = Cumg(p) and K(z) = Y 7o, Aglz,..., 2] be the cumulant generating function.
Note that

H(z)=("'"+K(2) = Z(—ZK z
k=0

makes sense as a generating function and that H(z) can be recovered from K(z) by

H(z)=(K(2) ' —2) ' = Z(K 2)z)"

k=0

Therefore, if we can show that H is the inverse generating function to G‘u, then it will follow
that K(z) = R, (z) as desired.
We claim that G, (H(z)) = z. Note that as a generating function, we have

z):z—l—z Z zh [z, ..., 2]z

n>171eNC(n)

as a consequence of the free moment-cumulant formula. In order to show that G, (H(2)) = z,
it suffices to show that

Z Z H(2)A-[H(2),...,H(2)H(z) = 0.

n>171eNC(n)

Substituting H(z) = Y ;o (—2K(2))™z yields

Z Z Z (=)t tma (K (2)™0 2 AL [(2K(2))™ 2, ..., (2K (2))™ 1 2] (2K (2)) ™" 2.

n>171eNC(n) mo,....,mp>1

Then we substitute K (2) =>_, ) Amlz, ..., 2], so that

(2K (2))™ 2z = Z 2N, (2, .., 2)2 A, [z,...,2]z.

ke

Overall, we are summing over the following choices: We first choose a partition 7 in the sum.

Then we make a choice of myg, ..., m,. Then for each j, we choose a list of m; terms from

K(z). The jth collection of m; terms is then inserted into the jth position of the partition =

(that is, in the white space between the indices j — 1 and j if 0 < j < n, in the white space
before 1 if j = 0, and in the white space after n if j = n).

Diagrammatically, we are taking the partition 7 and then creating a larger partition 7 by

inserting m; chosen interval blocks between positions j —1 and j. For such a choice, we include
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the term (—1)"Ar[z,..., 2] where m = mg + --- + m; is the total number of interval blocks
inserted. In other words, the expression we want to evaluate is

Z Z (_1)# of interval blocks inscrtchAﬁ_ [Z, el Z]Z

7 ways of inserting

interval blocks
to obtain 7

The sum makes sense as a generating function because there are only finitely many terms of a
given degree in z. Now we regroup the terms to sum over 7 instead and obtain

Z Z (_1)# of interval blocks inserted 2Ax [Z, e z]z

T ways of obtaining 7
from some 7

Given 7, what possibilities are there to obtain it from another partition 7 by adding interval
blocks? Letting S be the set of interval blocks of 7, these possibilities can be enumerated by
choosing T' C S and letting 7 = 7 \ T. This means that the coefficient of zAz[z, ..., 2]z is

> (=plf=o.

TCS

Therefore, G,,(H(z)) = z as desired. O

Boolean Cumulants and the B-Transform
The following result is due to [SW97] in the scalar case and [Pop09, Remark 4.2] in the operator-

valued case.

Theorem 5.6.7. For a non-commutative law p, the Boolean cumulant generating function is
equal to B,,.

Proof. Recall that B,(z) = z — F,(z) which means that G,(z) = (2~! — B,(2))~". Let
Ar = Cumy(p) and let K(z) = >, Ax[z,..., 2] be the Boolean cumulant generating function.
To show that K(2) = B,(z), it suffices to show that (7' — K(2))~! = G,(z), where we
interpret

(7' = K(2) 7 =) (2K ()™=

m=0

as generating functions. By expanding K (z) into the sum of cumulants, we obtain

i Z 7.V A1 - VI - R-1F-3

m=0kq,....km>1

This is precisely

Z z2Azlz, ..., 2]z

interval partitions 7

which is equal to G,(2) by the Boolean moment-cumulant formula. O
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1 Uuw) T3

Figure 56: A partition with one outer block V' and |V| = 4.

Monotone Cumulants and Composition Semigroups

The following result is due to Hasebe and Saigo [Has10b|, [HS11b|, [HS14].

Theorem 5.6.8. Let 1 be an A-valued law and let K(z) be the monotone cumulant generating
function. Fort >0, let M¢(z) be the generating function

Mt(z):z—kz Z Yot ™z Cumg ()2, . . ., 2]z

n>1m7eNC(n)
Then My(z) is the unique generating function which (formally) solves the initial value problem

O My (2) = My(2) K (M (2)) M(2), My(z) = z,

and Mi(z) = G, (z). Moreover, M, forms a semigroup under composition.

Remark 5.6.9. The operation of monotone convolution (corresponding to composition of G
transforms) is not commutative and hence cannot be linearized like free or Boolean convolution.
However, when we restrict to the monotone convolution semigroup p, = u~" generated by a
single law p, convolution is commutative, and hence we may expect that it can be linearized.
The way to linearize it is to extend this semigroup formally to real values of t by setting
G, = M, (though s, is not necessarily a law). The function 2K (z)z is the infinitesimal
generator of the composition semigroup M;, and a straightforward rescaling argument shows
that azK(z)z is the infinitesimal generator of the semigroup M, for @ > 0. Hence, the map
Ho — azK (2)z linearizes monotone convolution on {p, : @ > 0}.

Proof of Theorem[5.6.8 Note that 9;M;(z) makes sense as a generating function since the term
for each degree of z is a polynomial in ¢, and we can compute the derivative term by term by
considering each partition 7 individually.

Let us call a block V' of m outer if it does not lie inside any other block of 7 (that is, V is
minimal with respect to <). Consider first the case where 7 has only one outer block V' and
suppose that |[V| = m. Then we have

Cum,[z,..., 2] = Cumy,[z Cumg, [z, ..., 2]z, ..., 2 Cum,, _,[2,...,2]],
where 71, ..., Tm—1 are the subpartitions of 7 that are between the elements of V' (see Fig-

ure [5.6). The partition 7; may be empty, in which we case we adopt the convention that
zCumy,[z,..., 2]z = z. Observe that

Yt ={se 1 —t,1]7 : s =7}



98 CHAPTER 5. COMBINATORIAL THEORY OF INDEPENDENCE

Such tuples s can be enumerated by choosing sy and then for each j, choosing s, € (1—sy, 1]™
which is compatible with 7;. Therefore, we have

rYTrthrl - /
t

1m—1

|{sx, € (L= sy, 1]™ : 5o, =m;}| dsv.
j=1

Thus,
d m—1 .
%[7 t\”|] — ’yﬂjtlﬂjl.
j=1
So
d I, g e Ere |1
pn Yet'™ Cumy |z, ..., 2]| = Cumy, [z Yr, t U, [2, ..., 2]2, 000y 2%, o (z,...,2]z].
Now consider the case of a general partition 7. Let Vi, ..., Vi be the outer blocks of 7 from

left to right. Let 7; be the subpartition of = which lies inside V; (that is, 7; = {W e 7 : W = V;}.
Then

zCumylz, ..., 2]z = zCumy, [2,..., 2]z Cumg, [z, ..., 2] ... 2Cum,, [2,..., 2]z

and

At ™z Cum, [2,...,2]z
=z (Wnt‘ﬁl Cum,,[z,..., z]) z (772t|72‘ Cum, |z, ... ,z]) ez (’yﬂctlﬂ“ Cumg, [z, ... ,z]) z.

We differentiate this expression using the product rule, since each Cum,, term can be differenti-
ated using the preceding computation. We obtain a sum of terms indexed by 7; or equivalently
indexed by the outer blocks of m, which can be written as

% [fyﬂt‘”lzCumﬁ[z,...,z]z} = Z z Cumg, [z, ..., 2]z

outer blocks V'

Cumyy [29m t™ Cumy, [2,. .., 2]z, ..., 2Cumy,, _[2,...,2]2]z Cumy, [2,. .., 2]z,

where 7, ..., 7, depend implicitly on V as follows; mg is the subpartition of 7 to the left of
V', T is the partition of 7 to the right of V, and 7y, ..., m,—1 are the subpartitions of 7 in
between the elements of V.

Now we sum this expression over all partitions 7. It is convenient here to write NC =

U1 NC(n) and NCy = {@} UNC. Then

Z % [’th|”‘zCumﬂ[z7...,z]z} = Z Z zCumg,[z,. .., 2]z

TeNC m>1mg,...,tm €ENCo

Cumyy, [27,, t1™ Cumy, [z, ..., 2]z, ..., 2Cumy, [z, ..., 2]z]z Cumy, [z, ..., 2]2.

This equation says precisely that

d
77 [Mi(2)] = Mi(2) K (My(2)) Mo (2).
Therefore, we have shown that M;(z) solves the initial value problem. Moreover, the unique-

ness of a generating-function-valued solution to the equation is immediate because the derivative
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of the kth degree term of M;(z) is a function of the lower degree terms, and hence all the terms
in the formal power series M;(z) can be computed inductively.
To see that My (z) forms a composition semigroup, fix ¢y, and consider the two functions

Pi(z) = Myyeo(2),  Qe(2) = My(My,(2)).
Then we have Py(z) = My, (2) = Qo(z) and both these functions satisfy the equation

d
T Pi(2) = P(2)K(P(2) Pu(2).

Therefore, Pi(z) = Q¢(z) for all ¢, so that My 4, (z) = My(My,(2)). O

5.7 Problems and Further Reading

Problem 5.1. Let (B, E) be an A-valued probability space. Show that the free / Boolean /
monotone cumulants K, for (M,,(B), E(™)) are the matrix amplifications of the cumulants for
(B, E).

Problem 5.2. Let Xy, ..., X,, be self-adjoint random variables in (B, F). Let X = X; &
-+ ® X, and let Rx be the M, (A)-valued R-transform of X. Show that Xq, ..., X,, are freely
independent if and only if Rx(z) is diagonal for sufficiently small z € M, (B). The analogous
result also holds for Boolean independence and By.

Problem 5.3. For the free and Boolean cumulants, show that there are universal constants C'
and M such that
B [b1 - - D]l < CM™|[ba |- . [[ba -

Problem 5.4. Let AN Ci;(n) be the set of non-crossing partitions with 1 and n in the same
block (called irreducible non-crossing partitions). Show that

bool __ free
Kol= Y K

‘ﬂ'ENCirr(n)
and that
Kflrcc — Z (_1)|7r|71K7l:ool.
TENCirr(n)

Note: The second claim is harder to prove. These results were proved in [Leh02] [BNOS|.
Relations between all the different cumulants can be found in |Ari+15].

Further Reading

A unified approach to the theory of cumulants for the natural independences was given by
Hasebe and Saigo in [HS1la]. They characterized cumulants by the axioms of multilinearity,
polynomial dependence on moments which is universal for all probability spaces, and extensivity
(the property described in Lemmas [5.4.6 [5.4.13] [5.4.18)).







Chapter 6

The Central Limit Theorem

6.1 Introduction

The central limit theorem of classical probability states that X7, ..., Xy are independent and
identically distributed with mean zero and variance 1, and if Sy = (X1 +--- + Xn)/V/'N, then
the law of Sy approaches the standard normal distribution as N — oo.

There are analogous results for non-commutative independences. The limiting distributions
are as follows

1
free semicircle g\/ 4 — a2 1j3cpdx
1
Boolean Bernoulli 5(6_1 +01)
i i ! 1 d
(anti-)monotone arcsine m |z|<v32 4T

For the free case, see [VDN92, §3.5]. For the Boolean case, see [SW97, Theorem 3.4]. For the
monotone case, see [Mur01].

In the operator-valued setting, the variance is not just a scalar, but rather a completely
positive map 7 : A — A given by

nla] = p[(X = p(X))a(X — p(X))].

Therefore, we will define A-valued semicircle, Bernoulli, and arcsine laws of variance 7 for each
completely positive 7 : A — A. Although there is no density in the operator-valued setting,
the combinatorial formulas for the moments of these laws adapt without difficulty.

We will then show that if Xj, ..., X are A-valued independent and identically distributed
with mean zero and variance 7, then the law of (X7 +---+ Xn)/ VN approaches the semicir-
cle/Bernoulli/arcsine law of variance 7.

Because of the centrality of the central limit theorem, we will present three different ap-
proaches to the proof, first using analytic transforms, second using cumulants, and third using
Lindeberg exchange. We will also comment on the case of variables which are independent but
not identically distributed. The case of nonzero mean will be discussed in a later chapter.

The operator-valued central limit theorem can be found in the following references. For the
free case, see [Vo0i95, Theorem 8.4], [Spe98, §4.2]. For the Boolean case, see [BPV13, §2.1]. For
the monotone case, see [BPV13| §2.3], [HS14], Theorem 3.6].

101
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6.2 Operator-valued Semicircle, Bernoulli, and Arcsine Laws

Semicircle Law

The operator-valued semicircle law was defined in [Voi95|, [Spe98, §4.2 - 4.3].

Let N'C2(n) denote the set of non-crossing partitions on [n] where every block has exactly
two elements (which is empty if n is odd). Let n : A — A be completely positive. For
7© € NCy(n), denote by 7, the multilinear form A"~! — A given recursively by the relation
that if {j,j 4+ 1} € 7, then

n[zl]ZQT}Tr\{l,Q}[Z:iM"7Zn—1]7 ] =1
n,r[zl,...,zn_l] = 777r\{1,2}[217'~~7Zj72aijln[zj]zj+1vzj+27“wznfl]a l<j<n-—1
nw\{nfl,n} [217 ey Zn73]2n72n[2n71]a j =n-1

Then we define the A-valued semicircle law with mean zero and variance n as the map vy, :

A(X) — A given by

vplzoXz1 ... X2p] = Z 20Mx (21, -+ Zn—1]2n.
TENCa(n)

Equivalently, v, is given formally by the relation

n, k=2
C =
um(vy) {0, otherwise,

where Cumy, is the kth free cumulant, or
R, =n.

We have not yet shown that v, is an A-valued law (completely positive and exponentially
bounded). To do this, we will construct a self-adjoint operator S on a Hilbert bimodule which
has the law v,,. This is a special case of the construction in [Spe98, §4.7] and [PV13, Lemma
3.7].

Let N be the Hilbert .A-A-bimodule A ®,, A. Then define

H=AoPN s DN,
—_—

n>1 n
or more concisely
H=EPnean,
n>0

where ®40 = A. Let £ be the vector 1 in the first direct summand .A. Note that this is an
A-central unit vector. We call (H, ) the free Fock space generated by N
For ¢ € N, we define the creation operator £(() : N®A™ — N®@antl by

£(Q)[a&] = Ca
(OIG® - ®6G]=C(RG® @ (.

To show that this operator is bounded, observe that for i in the n-fold algebraic tensor product
of N over A, we have

(E(Oh, L(O)h) = (h, (¢, C)h)



6.2. OPERATOR-VALUED SEMICIRCLE, BERNOULLI, AND ARCSINE LAWS 103

Thus, ¢(¢) defines a bounded right A-linear operator ¢(¢) : N®4" — N®an+l with ||£(¢)] <
lIC]|. Because H is the orthogonal direct sum of the tensor powers of N, we know £({) defines
a bounded map ‘H — H.

Moreover, we claim that £(¢) has an adjoint given by the annihilation operator £(¢)*, where

£(Q)*[¢l =0
O [G @ @G ={We® - @G

Indeed, a straightforward computation shows that (¢(¢)h,h’) = (h,£(¢)*h') for h and A’ in the
algebraic direct sum of the algebraic tensor powers of N. It follows that ||[£(¢)*R|| < ||C|[||R]] as
in Proposition (4), and therefore, £(¢)* defines a bounded operator H — H, and it is the
adjoint of £(().

Proposition 6.2.1. Let n: A — A be completely positive, and let v, be the semicircular law
of mean zero and variance n. Let (H,€) be the free Fock space generated by N' = A ®, A.

1. The operator S = £(1® 1) +£(1® 1)* satisfies ||S|| < 2||n(1)||*/2.
The law of S with respect to § is the operator-valued semicircle law vy,.

In particular, vy, is an A-valued law.

e e

The law v, has mean zero and variance 1, that is, v, (X) = 0 and Var,, (a) = v,(XaX) =
n(a).

Proof. (1) Letting ( =1® 1 € N, we have

£(Q)"(C) = (¢, ¢) = n(1)

and hence [[£(¢)[| = [In(1)]['/* and [|S]| < 2[ln(1)]*/*.
(2) We want to compute the moment

(&, apSay ... Saxf)
for every ag, ..., a, € A. We write S = £ + ¢* where { = {(1 ® 1), and then expand
ag(l+ € ay ... (0 + £)ay
by the distributive property into a sum of terms
agbiay ...bpan,

where b; € {£,¢*}. Consider applying the operators a,, by, @n—1, ...to § in succession. Since
¢ maps N'®4J to N'®4iT1 and ¢* does the opposite, each vector a;b; ...a,b,a,€ is in some
N®43_ Applying ¢ increases the index by 1 and applying ¢* decreases it (and £*(af) = 0 for
a€ A).

For each term in the sum, we define a sequence of ordered lists corresponding to the sub-
strings aj_1b; . .. anbpa,& as follows (by induction from n to 1). At time n, we have the empty
list. If b; = £, then we append j to the start of the list . If b; = ¢* and the list at time
j + 1 is not empty, then we remove the first element from the list. If b; = ¢* and the list at
time j + 1 is empty, then we terminate the process and do not define any more lists. In this
case, a;j+1b; ... an—1bpan€ is in A€ and hence bja;11b; ... an—1bna,& = 0, so this term does not
contribute to the sum.
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as

arlag

a6€a7€ag

a5£a6€a7€ag

CL4€* a5€a6€a7€a8

agﬂ* a4€* a5€a6€a7€a8
aslasl*asl*aslaglarlag
ar1l*aslasl* asl* aslaglarlag
aoﬂalf* azfagf* a4€*a5€a6€a7€ag

QAAAAA/-\/‘\ @
0 N 0 O a\I\C?g
=
x

z 7.
[09]
=

Figure 61: Construction of a sequence of ordered lists from a string of £’s and £*’s.

L

® 6 6 6 o o o o

8 3 3 7 6 6 7 8
ag ¢* a1 g* Q2 f a3z g* a4 f* a5 (¢ asg ¢ a7 § as
ag 77[ ay 77[ s ] as 77[ ay 77[ as ] ag ] ar ] as

Figure 62: Constructing a planar partition 7 from a sequence of ¢’s and ¢*’s (top), and evalu-
ation of 1, (bottom). This is the same sequence as in Figure

Suppose that we never apply £* to a vector in A¢ and hence the lists are defined all the way
to time 1. At time 1, if the list is not empty, then agbiay . ..bya, is not in AE and hence

<€7 a/()bla/l e bnan5> - 0

Therefore, the term agbiay . .. bpa, only contributes to the sum when the list at time 1 is empty.
An example of such a string and a sequence of lists is shown in Figure

Consider such a term. Let us label each occurrence of ¢ as b; with its index j, and let us
label each occurrence of £* as b; with the list element which is removed from the list at time
7. This produces a pairing between the occurrences of ¢ and the occurrences of £* because
each list element was added to the list once and removed from the list once. See Figure [62] for
an example. This pairing of £’s and ¢*’s represents a pair partition of [n]. This partition is
non-crossing; indeed, if s is added to the list and then r is added to the list before s is removed,
then r must be removed from the list before s.

Conversely, every planar partition of [n] produces a term agbiay ...b,a, where for each
{j,k} € m with j < k, we let b; = £* and by, = £. One can show by induction on the size of =
that the corresponding string yields

(&, apbray ... bpané) = agnrlar, ..., an_1a,.



6.2. OPERATOR-VALUED SEMICIRCLE, BERNOULLI, AND ARCSINE LAWS 105

This follows from the identity £*af = n(a) for a € A. Therefore,

(€,a0Say ...San€) = Z agNxlay, ... ,an_1]an,
TENC2(n)

so S has the law v, as desired.

(3). Because v, is given by the moments of S with respect to &, we know that v, is
completely positive and exponentially bounded. Also, v, is an A-A-bimodule map because £
is an A-central unit vector in H. So v, is a law.

(4). This follows from direct computation. O

Lemma 6.2.2. Let v, be the semicircle law of variance n. Then vy B vy = v,y .

Proof. This follows from the definition of v, in terms of cumulants and the additivity of the
R-transform under free convolution. O

Bernoulli Law

We define the A-valued Bernoulli law with mean zero and variance 1 as the map v, : A(X) - A

given by
Unlz0X 21 X o] = {zon(z1)zg co.(2n-1)zn, nis even

0, n is odd.

Equivalently, v, is given formally by the relation

n, k=2

0, otherwise,

Cumy(v,) = {

where Cumy, is the kth Boolean cumulant, or

B, =mn.

Remark 6.2.3. The analogous definition to the free case would be take the sum of zon,[21, .. ., 2n—1]2n
over all interval partitions into pairs. But there is only one such partition if n is even (namely
{{1,2},{3,4},...,{n — 1,n}) and there are no such partitions if n is odd.

We have not yet shown that v, is an A-valued law (completely positive and exponentially
bounded). To do this, we will construct a self-adjoint operator S on a Hilbert bimodule which
has the law 1,,. This is a special case of the construction in [PV13, Lemma 2.9].

Let AV be the Hilbert A-A-bimodule A ®, A. Let

H=ADN

Let € be the vector 1 in the first direct summand 4. Note that this is an .A-central unit vector.
We call (H,¢) the Boolean Fock space generated by N
For ¢ € N, we define the creation operator £(C) : H — H by

£(¢)[ag] = Ca
£(Q)|n = 0.

The verification that ¢({) is bounded is similar to the free case. Moreover, its adjoint is the
annihilation operator £({)* which is given by

€(¢)*[€a] =0
(O [C] = (¢, ¢)¢.
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Proposition 6.2.4. Letn: A — A be completely positive, and let v, be the Bernoulli law of
mean zero and variance 1. Let (H,€) be the Boolean Fock space generated by N' = A ®, A.

1. The operator S = £(1® 1) +£(1® 1)* satisfies ||S|| = [[n(1)]|*/2.
2. The law of S with respect to £ is the operator-valued Bernoulli law vy,
3. In particular, vy is an A-valued law.

4. The law v, has mean zero and variance 1), that is, v,(X) = 0 and Var,, (a) = v,(XaX) =
n(a).

Proof. (1) Because £(1 ® 1) maps A€ to A and N to zero and £(1 ® 1)* does the reverse, we
have

151 < max([le(1 @ DI, 1L @ D)*[)) = 61 @ 1)"¢(1 © 1)[|*/>
= ||Pagn(1)Pagl/*?
= [In(1)]"/2.

(2) To compute the moment (£, apSay ... Say§) for every aq, ..., a, € A, we write S = {+¢*
where ¢ = ¢(1 ® 1), and then expand

ag(l+ 0% )ay ... (L+£)ay,
by the distributive property into a sum of terms
a0b1a1 ‘e bnan,

where b; € {{,¢*}. Consider applying the operators a,, b,, an—1, ...to § in succession. If
we apply £* to A or £ to N, we get 0. Therefore, the only combination which could have a
nonzero contribution is the term

aol*arlas ... 0 an_14ay,

when n is even. This yields the operator-valued Bernoulli law.
(3) and (4) are similar to the free case. O

Lemma 6.2.5. Let v, be the Bernoulli law of mean zero and variance n. Then vyWuy = vy, .

Proof. This follows from the definition of v, in terms of cumulants and the additivity of the
B-transform under Boolean convolution. O

Arcsine Law
We define the A-valued arcsine law with mean zero and variance ) as the map v, : A(X) - A
given by
vplzoXz1... Xz = Z Va20Mr |21y - - s Zn—1]2n,
TENC2(n)

where
Yo = [{t € 0,1]" : t =7}
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Equivalently, v, is given formally by the relation

n, k=2

0, otherwise,

Cumy(vy) = {

where Cumy, is the kth monotone cumulant.

As in the free and Boolean cases, we will show that v, is a law by constructing a self-adjoint
operator on a Hilbert A-.A-bimodule which has the law v,. As we saw in §5.6) the monotone
cumulants are naturally related to composition semigroups and differential equatlons Thus, it
is natural to include the time parameter ¢ in the construction of our Hilbert bimodule. The
following construction was done in the scalar case by [Lu97] and [Mur97|.

We define C = C([0,1],.A). We define a completely positive map I : C — C by

1
11(t) = / nlf(s)] ds

and a completely positive map I’ = C — A by

i) = / nlf(s)) ds.

Let N =C®;C and N' = C®p A. We claim that there is a well-defined embedding of A/’ into
N given by
f)®aelC®C— f(t)®a el A

To see this, observe that by complete positivity of 7,

1
<ij ®%ny ®%> (t) = / > arnlfi(s) fu(s)lax ds
I bk
< / jga;n[fj(s)*fk(s)}akds
<Zf] ®a‘J7Zf] ®a3> )
.

so that

Zfa ® a; ZfJ ® a; ;

C®iC CRA

and hence N’ embeds isometrically into A (even though the inner products take values in
different algebras), and it is clear that this embedding is right A-linear.
We define H as the Hilbert A-A-bimodule

H=Ao@PN*rDN.

n>1

Note that H can be regarded as a C-A-bimodule where the left C action on A is given by

f-a=f(0)a.
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Let & be the vector 1 in the first direct summand A. We call (H, &) the monotone Fock space

generated by N.
For ¢ € N' C N, we define the creation operator £(¢) by

Q)] = ¢,
(DI ® @] =C(R0G® @ (.

Similar to the free case, one argues that this is well-defined and bounded with norm equal to
[¢]l7- Moreover, the adjoint is given by the operator

£(¢)"[¢€]
£(¢)*[¢]
Q)G ® @Gl

<<a</>1/
()16 ® - @, n>2.

Proposition 6.2.6. Let n : A — A be completely positive, and let v, be the arcsine law of
mean zero and variance n. Let C, I, and I' be as above. Let (H,&) be the monotone Fock space
generated by A ®, A.

1. The operator S = £(1 ® 1) +£(1 ® 1)* satisfies |S|| < 2||n(1)]|*/2.
2. The law of S with respect to £ is the operator-valued arcsine law v,,.
3. In particular, v, is an A-valued law.

4. The law v, has mean zero and variance 1, that is, v,(X) = 0 and Var,, (a) = v,(XaX) =
n(a).
Proof. (1) We have [[£(1®1)]| = 1 1|x+ = [In(1)|*/2.
(2) Let £=/¢(1®1) and £* = £(1 ® 1)*. As in the free case, we expand
(& a0(l+ LF)ay ... (L+ L )ank)

using the distributive property. After discarding some zero terms, this results in a sum of terms
indexed by N'Ca(n). For each partition, the first element of each block corresponds to a copy of
£* and the second element of each block corresponds to a copy of . We also have the identity

e fe=1[f]
where f and I[f] € C represent the left multiplication operators on H (which are multiplication
by £(0) and I[f](0) on the direct summand .A). This implies that
€ a0l +May ... (L +L£")ayg) = Z aolzlar,...,an—1]an|

TENC2(n) t=0

where I; : C"~! — C is defined recursively the same way as 7. More explicitly, I is given by
the recursive relation that if {k,k + 1} is an block of 7, then

1[01]02171'\{1,2}[037 s 7671—1]7 k=1
Iﬂ'[cla"wcn*l] = Iﬂ\{k,k+l}[cl7"'7ck—1I[Ck}Ck+la"'7CTL—1]7 I1<k<n-1

Iﬂ'\{n—l,n}[cla EE) Cn—3]cn—21[cn—1]a k=mn-—1.
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Now we claim that

Iiay, ... an—1](t) =y (1 — 1€)|7T|777T[al7 R
=|{selt,1]" : s En}|nas,...,an-1],

which we prove by induction on |7|. The base case where 7 has only one block is immediate.
For inductive step, recall from the proof of Theorem that a block of 7 is called outer if
it minimal with respect to <. First, suppose that 7 has exactly one outer block V. This block
must be V = {1,n}. So we see that

Iifay,...,an1] = Iy I\ v az, . .., an_o]an_1].

Applying the inductive hypothesis, we get
1
Iﬂ [al, ey an_l](t) = / T][aljﬂ.\v[ag, e ,an_g]an_l] dSV
t

= /tl Hs € [sv,l]”\v ] |:7T\VH dsy Nelat, ..., an—1]
=|{se[t,1]": s En} nela1,...,an—1]

On the other hand, suppose that 7 has more than one outer block. Then we can write m# = 71 Lims

where m1 and 79 are non-crossing partitions of {1,...,k} and {k+1,...,n} for some 1 < k < n.

We can then apply the inductive hypothesis to m; and 75 to prove the claim for .
Altogether, we have shown that

(&,a05a1 ... Sa,&) = Z V@M @1y -y Q1.
TENC(n)

and hence the law of S is v,), proving claim (2). Claims (3) and (4) are then immediate. O

Example. As an example of the evaluation of I, in the preceding argument, consider the
partition {{1,8},{2,3},{4,7},{5,6}} from Figure[62] In this case,

1 1 1 1
Iifa1, ..., a7)|t=0 = / 7 {al/ nlas) dss3 ag,/ 7 {a;;/ nlas) dsg aﬁ] dsr a7} dsg
0 S8 S8 s7

= [{(s3, S6, S7,58) : 3 < S8, 86 < $7 < Sg}| Nx[a1,-..,a7].
Lemma 6.2.7. Let v, be the arcsine law of variance n. Then V,?N = Ungp-

Proof. This follows from the definition of v, in terms of cumulants together with Lemma

6418 O

6.3 Central Limit Theorem via Cumulants

The proof of the central limit theorem using cumulants is straightforward given the results of
the previous chapter. It also handles free, Boolean, and (anti-)monotone independence in one
argument.

Definition 6.3.1. For an A-valued law u, we define the dilation dil;(u) by
dily(p)[apXaq ... Xa,] = t"ulagXay ... Xay,].

In other words, if x is the law of X, then dil¢(u) is the law of tX.
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Observation 6.3.2. If u is an A-valued law, then Cumy(dil; (1)) = t* Cumy, (i) for the free,
Boolean, and monotone cumulants.

Theorem 6.3.3. Let p be an A-valued law with mean zero and variance 1.

1. uBN converges to the semicircle law of variance n as N — co.

2. N converges to the Bernoulli law of variance n as N — oo.

>N

3. converges to the arcsine law of variance n as N — oo.

Proof. For each type of independence, let Ay be the N~1/2 dilation of the N-fold convolution
of p. Then

Cumy(Ay) = N'7F/2 Cumy, ().
Therefore,

. n, k=2
lim C AN) =
N umy () {O, otherwise,

where the limit occurs in ||-|lx. Now by the moment-cumulant relations, the moments of Ay
also converge to the moments of p in ||-||4. O

6.4 Central Limit Theorem via Analytic Transforms

Next, we will give proofs of the central limit theorem using analytic transforms. We include
explicit estimates on the rate of convergence of the analytic transforms to those of the central
limit distribution.

The behavior of analytic transforms under dilation is as follows. The verification is a
straightforward computation, which we leave as an exercise.

Observation 6.4.1.

Gai, () (2) = t7'Gu(t™'2)
Fai, ) (2) = tFH(t_lz)
@dllt(ﬂ)(z) = t@lt(tflz)
Rait, (u) (2) = tR(t2)
Bai, () (2) = tBu(t_lz)

Theorem 6.4.2 (Analytic Free CLT). Let p be an A-valued law with mean zero and variance
n. Then dill/\/ﬁ(,uEEN) converges in moments to the semicircle law of variance n. Moreover,
there are universal constants C and C' such that

l2ll < ON2/vad(n) = ||Rqn,, o (uem)(2) = 0(2)| < C'N 712 (1)) rad(p).

Proof. Let Ay = dil /\/ﬁ(MEEN ) and let v, be the semicircle law of variance 7. By Theorem
131 (3),
rad(u®N) < (2N'/2 + 1) rad(p),

so that
rad(Ay) < (24 N7Y2)rad(p).
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By the additivity and dilation properties of the R-transform,
Ryy = N"Y3(NR,)(NY/22) = NV2R,(N~1/22).

Now R, : B(0,Cy/rad(n)) — B(0,Cs||n(1)| rad(x)) for some universal constants C; and Cs,
and hence

1Bu(2) — (]| = [ By(2) — AR, (0,0)(2]] < 2l Il rad(n)

S =y rad(n) — o = CellEllin() [ rad(u)

when ||z|| < C1/2rad(p). Hence,
INV2R,(NTV22) —(2)]| < CsN 2 n(1)] rad(p)

for ||z]] < ClN1/2/grad(u).
Recalling that G;'(z) = z(1 + R,(2)z) ", we see that for sufficiently large N, we have

sup (G5 2) - G 1E) | < CaN TR n(n)] rad ().
z€B(0,C4/ rad(p))

Now as in the proof of Theorem [4.7.2) we have G, : B(0,Cs/rad(Ax)) — B(0,C7/rad(Ax))
(and of course rad(Ay) < 3rad(p)). So by continuous dependence of the inverse function
(Proposition [2.8.4] we have for sufficiently large N that

sup |G (2) = G, ()| € CoNTH2In(1)] xad ().
2€B(0,Cs/rad(p))

Therefore, by Proposition we have Ay — vy,. O

Theorem 6.4.3 (Analytic Boolean CLT). Let p be an A-valued law with mean zero and vari-
ancen. Then dill/\/ﬁ(u&w) converges in moments to the Bernoulli law of variance . Moreover,
there are universal constants C and C' such that

2]l < CNY2/rad(n) = || Ban (=) = ()|l < C'N72 (1)) rad ().

1w (BEN)

Proof. The argument is similar to and easier than the free case. Letting Ay = dil;, \/ﬁ(uwN )

and v, be the Bernoulli law of variance 7, we again have rad(Ay) < 3rad(p). Also, By, (2) =
N/2B,(N~Y/2z). From here one argues that By, (z) — n(z) and Gy (2) — G, (2) in a
neighborhood of zero, so that Ay — v, in moments. O

Theorem 6.4.4 (Analytic Monotone CLT). Let p be an A-valued law with mean zero and
variance n. Then dill/\/ﬁ(uDN) converges in moments to the arcsine law of variance . More-

over,
4fln(1)([ rad (u)
AN1/2Z

Proof. Note that for a law p of mean zero and variance 7, we have

Imz>e¢ = HGdill/W(MDN)(z) - G,,n(z)H <

Fu(z) = 2 = Go(2),
where o is a generalized law with rad(c) < 2rad(u) and 0|4 =7. So

Golz) =t (=) = ol(z = X) ' =27 = —o[(z — X)Xz,
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so that

lo(D)][rad(o) _ 2[ln(1)|| rad(x)

nz2e = [|Gy(z) - (x71))| < T EET < SITIC,

and hence
2|[n(1)] rad(p)

1Fu(z) = 2+ ) < SR

The same holds with u replaced by the arcsine law v, so that

2|ln(1)[I(rad() + 2[In(1)[I*/?) < Al rad(p)
€2 - €2 '

1 (2) = B, (2)]| <

Because monotone convolution corresponds to composition of F-transforms, we have

N
GHDN — G%\?N = E |:G”>(j—1) oF, OFVTT(ij) — Gup(g‘ﬂ) OF”n OFVUD(N—‘]')
i=1

Recall that every F' transform maps Hy (A) into itself, and G o-1) is 1/€? Lipschitz on Hy .
Therefore,

HGMDN - V>N H

‘ F F,jn)oF (N J)( )H

< 4NH77( )4|| rad(p)

>N) and applying rescaling, we have

4lln(1)[| rad(p)
€A N1/2 :

Letting Ay = dily-1/2(p

Imz>e = [|Gay(2) — G, (2)] <

6.5 Central Limit Theorem via Lindeberg Exchange

Finally, we will give a proof of the central limit theorem using an exchange technique which
Lindeberg invented for classical central limit theorem in 1922 [Lin22|. Considering a sum of
independent random variables X; + --- + X and a function f, we want to estimate

Blf(X1+ -+ Xn)/VN)] = E[f(Y)]

where Y has the normal distribution. We estimate the difference by replacing the X;’s one at
a time by normal random variables Y}, so that

E[f(NTV2(Xy 4+ X)) = Bf (N2 (Y1 + - 4 Yn))]

N
Z( VX b XY YY) B (N X A X Y

The individual error terms are then estimated using a Taylor expansion of f.

+Yw)))
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Non-Commutative Function Spaces

To adapt this to the non-commutative setting, we will take f to be a non-commutative polyno-
mial in A(X). To estimate error terms in the Taylor-Taylor expansion of f (Lemma evalu-
ated on self-adjoint operators, we want an non-commutative analogue of sup,c(_ g g [(d/ dt)* f(t)]
for a function f on the real line. Of course, once we have such an analogue, we can take the com-
pletion with respect to this norm and view it as a non-commutative analogue of C*([—R, R]).
Estimates for the rate of convergence in the central limit theorem will naturally extend to the
completion as well.

Definition 6.5.1. Let f € A(X). We define
Hf”k,R = Sup{”E[Akf(xOv s axk)[zlv s azkm” FZj, 2k € (Ba E)vxj = IE;, ”xJ” <R, HZJ” < 1}7

where the supremum is taken over every tuple zg, ..., zx of self-adjoints with ||z;|| < R and
every tuple z1, ..., 2, with ||z;|| <1 in an A-valued probability space (B, E).

Remark 6.5.2. The collection of probability spaces is not a set. However, we can rephrase
the definition by taking the supremum over all possible joint laws of xg, ..., zx and real and
imaginary parts of z1, ..., zx. The space of joint laws is a set because it consists of functions
from a formal polynomial algebra into A.

Definition 6.5.3. We define C*_(A, R) to the completion of A(X) with respect to the norm

k
I fllcx a,r) = Z||f||k,R~
=0

Note that || f||x.r extends continuously to the completion.

Remark 6.5.4. Although ||f||x r is difficult to compute, it is not hard to find upper bounds
for it when f has an explicit form (e.g. a monomial). Moreover, if ¢ € C°(R), then ¢(X) is
in Ck_(A, R) for every k and R since ||f||x.r can be estimated using results of Peller [Pel06|.
However, we will leave such questions aside and return to the central limit theory.

Lindeberg-type Theorem

Theorem 6.5.5. For free, Boolean, and monotone independence, the following holds. Suppose
that X1, ..., Xy are independent self-adjoint variables in (By, E) and Y1, ..., Yy are indepen-
dent self-adjoint variables in (B, E). Suppose || X;|| < M, ||Y;|| £ M and Varx, = n; = Vary,
and E[X;] =0=E[Y;]. Let f € C3.(A,R). Then

BN 20 4 X)) = BN T2V + o+ Y| € 2N Y2088 s o172y

Proof. Because C3 (A, R) is the completion of polynomials, it suffices to prove the theorem
when f € A(X). The expectations we want to compute depend only on the type of inde-
pendence and the laws of X5, ..., Xy and Y7, ..., Yy. Thus, we can change the underlying
probability space as long as these properties are preserved. Let (B, E) be the independent
product of A(X1), A(Y7), ..., A(XN), A(YN). Let

Sj:N—l/Q(X1_|_...+Xj_|_Yj+1+...+YN)
Tj:N71/2(X1—|—~~-+Xj_1+YJ'+1—|-'~'—|—YN).
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Then we want to estimate
IELf(Sn)] = E[f(So)]l| < ZHE[f(Sj)] — E[f(S;-0]l-

Now

F(85) = F(T; + N71Y))
= f(Tj) + N71/2AF(TJ'7TJ')[YJ'} + NﬁlAQF(Tj?ijTj)[Yj’Yj} + N73/2A3f(5j7Tj7ijTj)[YjaYjan]

and similarly

F(Sj-1) = f(T; + N712X;)
= f(Ty) + N~V2AF(T;, T)[X5) + N~ AP F (T3, Ty, T5) (X5, Xg) + N7Y2A% F(8520. T3, T3, 1) X, X, X

In the two Taylor expansions, the degree zero terms are equal.
We claim that the first degree terms have expectation zero, that is,

E[AF(T;, T))[Y;]] = 0 = E[AF(T;, T;)[X;]].

To see this, note that AF (T}, T;)[Y;] is a sum of monomials in the X;’s and Y;’s with only one
occurrence of Y;. Using the computation of joint moments for independent random variables
(Lemmas [5.4.5] [5.4.12] [5.4.17), we see that the expectation is zero and the same holds for
AF(T;, T))[X].

We claim that the second degree terms in the Taylor expansion have the same expectation,
that is,

E[A*F(T;,T;,T)[Y;, Y]] = EIAF (T, T;, T;)[X;, X;].

We can write out A2F(T},T;,T;)[Y;,Y;] as a sum of monomials which each have degree two in
Y;. Again invoking Lemmas [5.4.5] [5.4.12] [5.4.17] we see that a joint moment of X7, ..., X;_1,
Y;, ..., Yj41 with degree two in Y; only depends on the cumulants of Xy, ..., X;_1, Y11, ...,
Y and the first and second cumulants of Y (that is, the mean and variance of Y;). Moreover,
if we replace Y; with X, then the computation of moments is the same because X, ..., X;
Y11, ..., Yy are also independent and because X; has the same mean and variance as Y;.
This shows that the two quantities have the same expectation.

Next, we turn to the third degree terms in the Taylor expansion, which we treat as error

terms. By Theorem [4.3.1] (3), we obtain

IT; 0, 1551 < (2 + N~V M.
and hence
| BIA (S5, Ty, Ty, Ti)[Y5, Y Vil || S NAP Flly w1r2yn Y3 1P S NAPFll Gy n /2y M2

The same holds for A3 f(S;_1, T}, Ty, Tj)[X;, X;, X;].
Putting together all the terms from the Taylor expansion, we have

1£(S5) = F(Sj-)| < 2NN AP f Iy w2y M.
Then summing from j = 1 to N, we obtain

1F(Sw) = F(So)ll < 2NV 2[ A% fI[fy sy -1/2y 0 M. O
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Estimates on the Cauchy-Stieltjes Transform

As a consequence, we now derive estimates for the rate of convergence of the Cauchy-Stieltjes
transform, similar to the main theorem of [MS13].

Lemma 6.5.6. Let z € HE:)(.A). Then f(z,X) = (z — X)~Y, as a function of X, is in the
space CX (A, R) for every R and k. Moreover, if Im z > ¢, then

1
1£ (2o )llkr <

Proof. Choose a space (B, E). Let us write f(z,X) = (2 — X)~! where defined for 2 € A and
X € B. Suppose that Im z > € and ||[Im(X)|| < ¢/2. Observe that

(z—X)'=((2-3iR-X)+3iR)"' = i[(z —3iR— X) '2iR]*(z - 3iR — X)~ L.

where the series converges uniformly for such values of z and X because

1

—2%R-X)H < —— .
O N

On the other hand, if || X|| < 2R, then

(z=3iR—X)"' = [(z—3iR) "' X]™(z = 3iR) ",

m=0

where the series again converges uniformly. The upshot is that there exist polynomial functions
fn(z, X) such that

fn(2,X) = (2 — X)~! uniformly when Tmz > ¢, | X|| < R, ||Im X || < €/2.

Because {X : || X]|| < R, |[Im(X)]|| < €/2} is a matricial domain, we can apply the Cauchy-type
estimates of Lemma [2.4.2] to conclude that

Ak (2, Xo, .. X3) = A% f(2, Xo, ..., Xi)

uniformly for Imz > ¢, | X;|| < R, |[Im X,|| < ¢/4. In particular, we have uniform convergence
on self-adjoint variables X; with || X;|| < R. This implies that {f,(z,-)} is Cauchy in C¥ (A, R)
for every k and that

1F (2 )k < sup  sup [|AK f(2, Xo, ..., X))l
(B.E) |IX, | <F.

j
Now

AKX f(z, X0y, X[V, Vi) = (2 — Xo) 7z — X0) 7t iz — X)L,

and hence 1

£ (2, ')HMR < k1
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Proposition 6.5.7. Let p be an A-valued law with mean zero and variance n. Let Ay be the
N—Y2 dilation of the N-fold convolution of n for free, Boolean, or monotone independence.
Let vy, be the semicircle / Bernoulli / arcsine law. Then

2rad(p)?
o2 162 (2) = G (O < Tt
Proof. As in Theorem we can construct a probability space (B, E) with independent
variables X, ..., Xy with law v and independent variables Y1, ..., Yn with law v,,.

Fix z € HSIL)(A). Note that Xl("), ce X](\;L) are independent over M,,(A) and the same holds
for Yl(n)7 ce YJE,n). Moreover, f(X) = (z — X)~!is in C2,(M,(A), R) with || f|lsr < 1/
Therefore, by Theorem [6.5.5]

. _ n . n _ n )yy— 2rad(p)?
HE( M= N2 4 X)L = E®[(z = N2 ™ 4 YY) 1H <

O

6.6 Generalizations

Independent but Not Identically Distributed Variables

Since Theorem [6.5.5] applies even when the random variables do not have the same law, it is
natural to generalize the central limit theorem as well. In the free case, the semicircle laws
satisfy v, B v,y = vyq,y. Thus, if p; has variance 1, we can expect pq B --- B un to be well-
approximated by v, 4.4y, after an appropriate rescaling. The analogous statement holds in
the Boolean case as well.

However, in the monotone case, we do not have v, >v,, = v, in general or even v, > v, =
vy D> vy, Nonetheless, py > -+ - > py is still well-approximated by v, > --- > vy, where n; is
the variance of p;. In light of this idea, we will call v, > --- > v, a generalized arcsine law,
and we shall have more to say about such laws in the next chapter.

Altogether, we have the following generalization of Proposition [6.5.7}

Proposition 6.6.1. For j=1,...,N, let u; be an A-valued law with mean zero, variance 7;,
and rad(p;) < M. Let \ be the N=Y2 dilation of the convolution of pu1, ..., un. Let v be
the semicircle / Bernoulli law of variance N1 Zj n; in the free / Boolean cases; and in the
monotone case, let v be the generalized arcsine law dily—1/2(vy, > -+ D> vy ) where vy, is the
arcsine law of variance n. Then

2rad(p)?
2 N2 = G < T

Mixing Types of Independence

The Lindeberg exchange approach actually works in far greater generality than we have pre-

sented it. As an example, suppose that X1, ..., Xy are freely independent, Xn 1, ..., Xon
are Boolean independent, and that A(Xy,..., Xy) and A(X,..., Xy) are monotone indepen-
dent. Suppose that Y7, ..., Yon have the same independence properties as the X;’s. Suppose

X, and Y; have mean zero and the same variance, and || X,||, [|Y;|| < M.
Then we have

|BLr(@N) 2 (X + -+ Xow))] = BI(E@N) T2+ Yaw))]| < 22N) 72020115 oy s
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The proof is exactly the same as for Theorem [6.5.5| with a few differences. First, we have
substituted the crude bound 2N M for the norm of a sum of random variables rather than the
more refined estimate (2v/2N + 1)M which is available for 2N independent random variables
with the same type of independence.

Second, when we compute the moments in the Taylor expansion, we must use all three
Lemmas [5.4.5] [5.4.12}, and [5.4.17] successively. But the end result is the same. The expectation
of a non-commutative monomial in X3, ..., Xon which has degree n; in X; only depends on
the first n; moments of X;. in fact, this property is sufficient to make the Lindeberg exchange
method work, and hence we expect this method to generalize to other notions of independence.

6.7 Problems and Further Reading

Problem 6.1. Verify Observation by computing the analytic transforms of dil; ().

Problem 6.2. Adapt the analytic proofs of the CLT for each type of independence to the case
where the variables are independent but not identically distributed.






Chapter 7

Convolution Semigroups

7.1 Introduction

In classical probability theory, one considers convolution semigroups of measures u; on R sat-
isfying ps * py = ps4+. Such semigroups are classified by the L’evy-Hincin formula, which says,
in the case of mean zero and finite moments, that the classical cumulants of u; are given by
t times the moments of another measure o. The measures which are part of a convolution
semigroup are known as infinitely divisible.

Free, Boolean, and monotone analogues of the Lévy-Hin¢in formula were considered by
various authors; see for the free case [Voi86, Theorem 4.3], [BV92], [Bia98|, [Spe98, §4.5 -
4.7], [PV13, §3]; for the Boolean case [SW97, Theorem 3.6], [PV13] §2]; for the monotone case
[Has10a], [Has10b|, [HS14], [AW16].

As a consequence, there are bijections in the scalar case between the infinitely divisible
laws for classical, free, Boolean, and monotone independence, which we will refer to collectively
as the Bercovici-Pata correspondence. The original paper of Bercovici and Pata studied the
classical, free, and Boolean cases bijection [BP99]. Later authors established bijections in the
monotone cases, then generalized the free-Boolean-monotone bijections to the multivariable
and operator-valued setting; see [BNOg|, [BPV12], [AW14], [AW16]. Let us now summarize the
main results that we will present in this chapter.

Definition 7.1.1. An A-valued free/Boolean/monotone convolution semigroup is family of
A-valued laws {11t }+[0,4+00) Such that the mean j;(X) depends continuously on ¢ and

s By = syt (free case)
s Wy = st (free case)

s D> iy = lis+¢ (monotone case)

Note that in the monotone case, we also have ps < uy = psy¢. Thus, an anti-monotone
convolution semigroup is equivalent to a monotone convolution semigroup. In this chapter,
we describe the analytic characterization of convolution semigroups in terms of their cumulant
generating functions, which act as a kind of infinitesimal generator for the semigroup.

Theorem 7.1.2.

1. If {us} be a free/Boolean/monotone convolution semigroup, then there exists a generalized
law o and a self-adjoint a € A such that

Ky, (271 = tla+ Go(2)), (7.1.1)

119
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where K,,, is the free/Boolean/monotone cumulant generating function.

2. Let us denote Gy q(2) = a + Go(2) and denote DF,,(z) = AF,, (z,2). Then the F-
transforms of the semigroup p; satisfy the differential equation

—DEF,,(2)[Go,a(Fpu,(2))], free case

0,F,. (2) —Goa(2), Boolean case (7.12)
z) = 1.
e —DF,,(2)[Gs,a(2)], monotone case
—Goa(Fy,(2)), monotone case,

where the differentiation occurs with respect to the operator norm on M, (A) and the
equation holds for each z € HT) (A).

3. Conversely, given a generalized law o and self-adjoint a € A, there exists a free/Boolean/monotone
convolution semigroup satisfying (7.1.1) and (7.1.2).

4. We have the estimates

tllall < rad(p)
rad(o) < Crad(j)

rad(p) < rad(o) + 2v/t|o (V)] + tllal|,

where C' is a constant that can be taken to be 1/(3 — 2v/2) in the free case and 2 in the
Boolean and monotone cases.

The proof of claims (1) and (2) will be handled in the next section while (3) and (4) will
be handled in the following section Although claim (3) of theorem can be proved purely
analytically by solving the differential equations (see [Jek17, §5.3] for the monotone case), we
will instead approach the problem through Hilbert bimodules (as in [Spe98| §4.7]). We will
construct operators Y ; for s < ¢ such that

1. The law of Y, ; only depends on t — s.
2. Yigty) -+ -5 Yt, 4.+, are independent.

3. Y;o,tl—’—".—’_}/t :mo,tn‘

n—1tn

In other words, Y; = Xy is an operator-valued stochastic process with independent and sta-
tionary increments (a Lévy process). It follows that the law p; of Yy, forms a convolution
semigroup, and we will verify that it satisfies the given equations.

The Fock space construction also yield an alternative proof of the central limit theorem in
the case of infinitely divisible laws, with sharper estimates, which we discuss in §7.4]

In we present a combinatorial point of view on the Fock space construction, giving an
alternative proof of some of the claims about the semigroup.

In we relate the notions of semigroups and infinitely divisible laws. As a consequence
of Theorem such laws exist in bijection with pairs (o,a) giving the cumulant generat-
ing function. We describe the resulting Bercovici-Pata correspondence between the infinitely
divisible laws for A-valued free, Boolean, and monotone independence.

7.2 Infinitesimal Generators and Differential Equation

In this section, we prove claims (1) and (2) of Theorem Since the proofs are different for
each type of independence, we will handle each in its own subsection.
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The Free Case

For background on the scalar case, see [Voi86, §4], [BV92], [BP99]. For the operator-valued
case, see |Spe98, §4.5], [PV13] §3], [Will7, §4].

Proposition 7.2.1. Let p: be a free convolution semigroup. Then there exists a generalized
law o such that ®,,(z) = tGsq(2), where a = p(X).

Proof. Recall that K, (z) = R,,(z) = ®,,(27'). By Theorem we know that @, (2) is
defined for Tm z > 2||Var,,, (1)||'/2. By writing

Py, (2) = n(I)ut/n (2),

we see that @, extends to be fully matricial for Im z > 2n='/2||Var,,, (1)||*/2. These extensions
must agree for different values of n by the uniqueness theorem. Taking n — oo, we see that
®,,, extends to be fully matricial on H (A).

Moreover, by Theorem ®,,, maps H (A) into H_(A) and ®,, is fully matricial in a
neighborhood of 0 and preserves adjoints. If we let a; = 1;(X), then ®,, (0) —a = 0. Therefore,
by Theorem [3.4.1] we have

Mt

D, (2) = ar + Go, (2)

for some generalized law o;.

Because we assumed that a; is continuous in ¢ and asy; = as + a¢, we have a; = ta where
a = ay. Letting o = o1, we have G,, = tG,, for rational values of t. Moreover, o;(1) is an
increasing function of ¢, which forces o¢(1) = to(1) for all real ¢ > 0. Since Im z > € implies that
|IGo, (2)|| < tllo(1)]|/€, we see that G, depends continuously on ¢ and hence G,, = tG,, for all
real ¢ > 0. This completes the proof that tG, 4(z) is the free cumulant generating function of
He- O

Lemma 7.2.2. Let iy and G, be as in the previous proposition. Then for § > 0,
Fiys(2) = Fi(z — 0Goa(Fiys(2))).

Proof. Recall that for Im z sufficiently large, F},, is invertible with inverse function given by
241Gy q(2). From this it follows that for § > 0,
Ft+5(Z) = Ft o (ld +tGU7a) o Ft_;,_(;(Z)
= Fi(Fi15(2) + 1Goa(Fiy5(2)))-

But we also have
2= Fiys(2) + (t +0)Goa(Fiys(2)),

and hence
Fii5(2) = Fi(2 = 6Goa(Fiys(2)))-

O
Lemma 7.2.3. For a free convolution semigroup pt, € > 0 and T > 0, the function Fy(z) is

uniformly Lipschitz in t for Imz > € and t < T, where the Lipschitz constant only depends on
Hvar,ul(]‘)||7 T7 and €.
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Proof. Recall that Fi(z) — z + ta is the Cauchy transform of a generalized law p with p(1) =
Var,, (1) = to(1). Hence for z,2’ in the same size matrix algebra with imaginary part > €, we
have

IF(z) — F(=)]| < (1 + t”"“”') Iz — 2.

€2

Now examining Lemma [7.2.2] we see that for Im z > ¢,

tle ()]
IFes() = Rl < (14 22 sy s
t||o(1 1
< (1+ 400y I,
€ €
Thus, Fy is depends in a Lipschitz way on ¢ for ¢ in a compact time interval [0, T. O]

Proposition 7.2.4. Let u; be a free convolution semigroup and ®,, =tG, .. Then
3tFt(z) = DFt(Z)[*Ggya(Ft(Z))]
Proof. Using Lemma we see that t < T,

Fii5(2) — Fi(2) = Fi(z — 6Go,a(Fras(2))) — Fi(2)
= 0 DF,(2)[Goa(Fi45(2))] + Or,e,0(67)
= —0- DFy(2)[Go,a(Fi(2))] + O1,,6(6).

This proves that the derivative of Fy(z) from the right is —DF}(2)[Gs,q(Fi(2))] as desired. The
derivative from the left is handled similarly. To wit, for 6 > 0,

Fi(2) = Fi—s(z) = Fi—5(z = 0Goa(Fi(2))) — Fi—s(2)
= 0 DF,—4(2)[Go,a(Fi(2))] + Or,e,0(6?)
=-0- DFt(Z)[GU,a(Ft(Z))] + OT,6,0(52)7

where the last equality follows by applying the Cauchy estimates Lemma to bound the
first derivative of Fy(z) — Fy—s(2). O

The Boolean Case

For background, see [SW97] and [PV13] §2].

Proposition 7.2.5. Let {4} be a Boolean convolution semigroup. Then By, (z) = tGsq for
some generalized law o, with a = u(X). We also have

O F(2) = —Gpo(2).

Proof. We already know from Theorem that B, (2) = G4, ,q,(2) for some generalized law
o, and a; = p(X). The same argument as in the free case shows that G, 4, has the form
tGy q where 0 =01 and a = a4.
Thus, we have By, (2) = tGs,4(2) and F,,(2) = 2 — tG4,q(2), which implies
O F ), (2) = —Goa(2). O

s
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The Monotone Case

For background on the scalar case, see [Has10aJ, [Has10b|, [HS11b|. For the operator-valued
case, see [HS14],|]AW16], [Jek17].

Suppose that u; is a monotone convolution semigroup. As in the previous cases, we have
1t (X) = ta for some self-adjoint a € A. By Theorem there exists a generalized law o,

Fu(2) =z—ta—Gs,(2) = 2 — Go, ta(2).

We will show that t~1Gy, 14(2) converges to some function G, ,(2) as ¢t — 0 along the sequence
27% and that this limit satisfies the differential equations given in Theorem Then using
Theorem we identify éma(z) as the monotone cumulant generating function. We begin
with some basic estimates which show that G, +q and F),, depend continuously on ¢.

Lemma 7.2.6. Let s <t. Then
1. Im Gy, (2) > Im Gy, (2) for z € Hi(A).
2. rad(os) < rad(oy).
3. ||Go,(2) = Go, (2)|| < (t = s)[|Var, (1)[|/€ for Imz > €.
Proof. To prove (1), observe that for s < ¢,
ImF,, (z) =ImF,,  oF, (z)>ImF, (2),

and hence
Im Gy, (2) < Im G, (2).

Now Corollary verifies the claim (2) as well as the fact that for Im z > e,
1G5 (2) = Go, (2| < lloe(1) — as(D)]|/e = (t = 5)||Var,, (D] /e.

O

As preparation to evaluating the limit of t'Gy,, 2tq as t — 0, we show that (2t)1G,,, 2ta
is close to tingt’m.

Lemma 7.2.7. We have for Imz > € that

<Oy, et

— T H1,€""

S

EGUZt (Z) - ;Got(z)

Proof. The identity F),,, = F},, o F},, yields
z+42ta+ Gy, (2) = (2 + ta+ Gy, (2)) + ta + Gy, (2 + ta + Gy, (2)).

and hence
Goy, (Z) = Gm(z)) + Gm(z +ta+ G, (Z))

or

G02t(z) - 2G0’1,(Z) = GUt(z +ta+ GO’t,(Z)) - Gat,(z)'
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If we assume that Im z > ¢, then

(G (= 410+ Gy (2) — G () < 7 a4 1, )

< Hat( )l (tl I+ loe(1 )II)
SﬁzllVMul( )l ( IIVarm(l)Il).

Therefore, dividing by 2¢, we obtain

1

*th(z)

oo

2t

< Cpl,et- [

Lemma 7.2.8. Let p; be a monotone convolution semigroup and a = p1(X). Then there exists
a generalized law o such that

OrF, (2) = _Gma(Fm (2))-

Proof. From the previous lemma, we have

||2k+1G02,k,1 (Z) _ QkGa'ka (Z)H < 27]60”175.

This implies that limy_, oo 2kGU27,€ (z) exists. By Lemma 3.6.4 and Proposition [3.6.5} the limit
function has the form G,(z) for some generalized law o. We also have o(1) = Var,, (1).
Moreover, we have the explicit rate of convergence

H2kG0'2—k (2) = G, (2)]| < 2_k+1cu

1,€°

Now, to prove the differential equation, it suffices to show that

Fu®) =2 = [ ~GralF()ds

where the latter is well-defined as a Riemann integral since G, and hence F),, and G, o(F),)
are continuous functions of s (uniformly for Im z > ).

In fact, by continuity of F),,, it suffices to prove the integral equality when ¢ is a dyadic
rational, that is, t = 27™n for some m € Z and n > 0. Fix such a value of ¢ and let k > m.
Then

2k77nn71

Fu(2)=2= 3 [Fupuyun(2) = Fupn, (2)]
=0
2k7'm,

= 3 [P 0yt (2) = Byt (2)

J

2k—m,n

= _Goz,k,Q*’“a F,U«Q kj (2)

j=

—

We can replace G, _, o-#, by 2 k@G, o at the cost of a small error since for Im z > €, we have
2—k> )

1Go, (2) = 27" Gou(2)]| < 272F1C,

11 ,€*
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— k.
We can also replace Q_kaa(Furkj (2)) by f;,kj(jﬂ) Go.a(F),,(2))ds with an error bounded by

27%(j+1)
[ oot

,kj
1 27%(j+1)
ol |Fu(2) = By ()] s
c 27k] 2 J

()] 2D
_lle @l

|Go(2) = Gy (2)] s

€ 2-kj
oI -2
<3
Overall, this yields
t 2" 275 (j+1)
5@ === [ Guatrsienas| < X on,warao B = [ Gano B 01as
0 . 2=Fkj
J=0 J

< 207 (20 o+ o(1) ) -2
=27"(2C,, « + [lo(1)]e7?).

By taking & — 400, we obtain equality and hence we have established the differential equation.
O

Lemma 7.2.9. Let puy be a monotone convolution semigroup and a = uy(X). Let o be the
generalized law given in the previous lemma. Let DF),, (z) denote AF,,(z,z). Then F,, also
satisfies the differential equation

OpFy,(2) = =DFy, (2)[Goa(2)]-

Proof. Let t,§ > 0. By the preceding arguments, for Im z > ¢,

)
Fuu(z)— 2= — /O Coa(Fos(2)) ds = —3G a(2) + Op, o (8%).

This implies that for Im z > € that

11H+6(Z) ::}%H ° FL&(Z)'_ PLt(Z)
= DF,,(2)[Fys (2) = 2] + Opy (t5%)
= —DF,,(2)[Goa(2)] + Oy (1 +1)5%),

where the error bounds again follow from Lemma [7.2.6] and from applying a priori estimates
on the Cauchy-Stieltjes transform to estimate DF),,(z) = id —DGy, (). This proves that
the derivative from the right of F), (2) is —DF},,(2)[Gs,a(2)]. But because DF),,(2)[Gs,q(2)] is
continuous in ¢ and the error estimates are uniform on a compact time interval, the derivative
from the left is also —DF),, (2)[Gs,a(2)]- O

Lemma 7.2.10. With the setup above, tég,a(z) is the monotone cumulant generating function
for the law p.
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Proof. Let inv be the fully matricial function z + z~!. Recalling that D inv(z)[w] = —z " twz~1,

we have

0:(G, (2)] = Be[inv oF, o inv(2)]
= —F,(z7) 7 OF, (27 B (e
= é#«t(z) . GU’U« o F#«t (Z_l) : éut(z)
= ém (2) - éo,a ° éut (2) éut (2)-

Let K, (z) be the monotone cumulant generating function for p;. Since K, ., (2) = K, (2) +
K, (%) and because the moments of y; depend continuously on ¢, we have K, (z) = tK,, (2).
By Theorem [5.6.8, we have

at[él‘t} =Gy, - Ky, 0 éut Gy,

It follows that as generating functions, we have

d ~
Go‘,a - &‘t:OG#t - K'u‘l.

Thus, C;’gya = K, and hence tég,a = K, as desired. O

7.3 Fock Space Realization

We now turn to the converse direction (3) of Theorem in which we must construct a
semigroup p; from a constant a and a generalized law 0. We will proceed by constructing a
process Y; with independent increments which realizes the law p., consisting of operators on a
Fock space. We also establish the estimates (4) at the end of this section.

The Fock space realization of the law p; is due to Glockner, Schiirmann, and Speicher
[GSS92] in the scalar case and Speicher [Spe98| §4.7] in the operator-valued case. Popa and
Vinnikov adapted this construction to the .A-valued Boolean case [PV13| Lemma 2.9]. The
author earlier studied the monotone case (in fact, without assuming stationary increments) in
[Jek17, §6]. Moreover, the construction is well-known in the case of Brownian motion (where
the law p; is semicircle/Bernoulli/arcsine).

Before dividing into cases, we establish notation for some spaces and Hilbert bimodules.

Definition 7.3.1. Let (2, \) be a measure space and H a right Hilbert A-module. A simple
function is a function f : Q — H of the form f(w) = Z?Zl §ixa, (w), where the Q;’s are disjoint
and measurable and &; € H. The A-valued Bochner L? space L*(§), H) is the completion of the
simple functions with respect to the A-valued inner product

(fq) = /Q (F(@), 9(w)) 3 A

Definition 7.3.2. If (2, \) is a measure space and A is a C*-algebra, then a countably-valued
simple function f:§) — Ais a function of the form Z(;il ajxa,(w) where the ;s are disjoint
and measurable. We say that such a function f is essentially bounded if

[flloo = esssup||f(w)[l = sup [la;]
A(25)>0

is finite. We define the Bochner L™ space L (€, .A) as the completion of essentially bounded,
countably-valued simple functions with respect to this norm.
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Observation 7.3.3. Let H be a Hilbert B-A-bimodule and (2, \) a measure space. Then
L2(Q,H) is a Hilbert L>(Q, B)-A-bimodule with the multiplication given by

fw)-g(w) = (fg)(w)
for a countably-valued simple function f € L>(Q,B) and a simple function g € L*(2,H).

The verification is straightforward and left to the reader.

For each type of independence, the base for the Fock space will be N := L?(R,, M), where
Ry = (0,+00) with Lebesgue measure and M = A(X) ®, A. We remark that if B is the
C*-algebra generated by A(X) acting on M, then AV is a Hilbert L> (R, B)-A-bimodule.

Furthermore, for 0 < s < ¢t < +o0, we denote by N := L?((s,t), M). This is a Hilbert
L>((s,t), B)-A-bimodule. Moreover, there are natural inclusion vs¢ : Ny — N and ¢, :
L>((s,t),B) = L* (R4, B) given by extending a function by zero.

The Free Case
Let AV be as above and let H be the free Fock space generated by N, that is,

H=AoPN oA RUN.
—_———

n>1 n

As in we define for ¢ € N the creation operator £(¢) by

UOE = HOIG ® -+ @ G =(®Q® -,
for ¢; € N. Then ¢(¢) € B(H) with [[¢(¢)|| < ||¢]|a and £(¢)* given by the annihilation operator
Q) ¢=0

Q)G ® B =(CC1)® - ® (-

Furthermore, given the left action of L (R, B) on N, we define a left multiplication operator
m(f) for f € L (R, B) by

m(f)§ =0
MG @] =fGR®G®: @ (.
This action is bounded with ||[m(f)]] < || f]|-

Proposition 7.3.4. Let a € A be self-adjoint, let o be an A-valued generalized law, and let H
be the free Fock space over N' = L*(Ry) @ (A(X) ®, A) described above. Fort >0, define

Y = (1@ )x0,0) + (1@ V)x(o,6)" +m(Xx(0,)) + ta.

Then Y; is a process with freely independent and stationary increments, and the laws py of Yy
form a free convolution semigroup with infinitesimal generator Gy q.

For the proof, it will be convenient for s < ¢ to denote
Yor =Y =Y = (1@ Dx(s0)) + U1 @ 1)x(5,0))" + m(XX(5,0)) + (E = 5)a.

Thus, showing that Y; has freely independent increments means showing that for ¢y < --- < tg,
the variables Yy +,, ..., Yiy_,.+y are freely independent. Rather than computing joint moments,
we will prove this by expressing the Hilbert module H as a free product space.
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Let
Hs,t = Af@@/\/’&t Q4 - ®AN5,t~

n>1

n
Clearly, for H,, has its own creation operators ¢(¢) for ¢ € N, and multiplication operators

m(f) for f € L*>®((s,t),B).

Lemma 7.3.5. Let 0 < t; < --- < ty. Then (H,&) is the free product Hilbert bimodule of
(Ho,t158), s Hin_1,tx:€)s (Hiy,00:§). Moreover, the inclusion B(Hy,_, +;) — B(H) is given
by a map py;_, +;, which depends only upon the pair (t;_1,t;), not upon N or the othert;’s.

Proof. Let us write H,; = A @ Ky ¢, where

’Cs,t = @Ns,t A ®ANs,t-

n>1

n
If we denote ty = 0 and ty41 = 00, then the free product bimodule is

AL © @ @ Ktjl—lvtn QA @Ak iy,

n>1 1, g2, jin €[N +1]
JiFJi+1

Substituting in the definition of K, ;, we obtain

k ko
AL GB @ @ A/t(?l.A—lttjl QA Ba M%A—lttjn'
n>1j1,j2,...,jn €[N+1] k1,...kn>1
JiFJit1

Now regrouping the terms by k = ki1 + - -+ + k,, we have
AS@@ @ Mn—lii XA "'®AMik—17t1,k'
k>14y,...,is €[N+1]
N+1

By the distributive property of tensor products and the fact that N = @, N, , ¢
equal to

;, this is
ALOEPN @4 @aN =M.
—_— —————

k>1 4

Thus, (H,€) is the free product of (Ho,,€)s -y Hin 1,n:6)s Hin,00,&)-

Now consider the inclusion maps of bounded operators. For s < t, define ps s : B(Hst) —
B(H) by viewing (#, &) as the free product of Ho s, Hst, and Hy oo. Given any ¢ < --- < ty,
we claim that the inclusion B(H;,_, ;) — B(H) given by expressing (#,&) as the free product
of (Ho,t1,6), -+ Hin_1,tn:8€)s (Hin,00,€) is the same as pg;_, ;,. To prove this, we note that
by the above argument, Ho ;,_, can be identified with the free product of H;,_, 4, for i < j and
similarly H;; o can be identified with the free product of H;,_, 4, for @ > j. Then we invoke

the associativity properties of the free product. O

Lemma 7.3.6. Let 0 < s <t < 4o00. Let psy: B(Hs) = B(H) be the inclusion given by the
free product construction. Then the following diagrams commute:

L*((s,t), M) —="5 L*(Ry, M)

| I

B(Hat) —=— B(H).
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L®((s,t),B) —=s L=(R,, B)

[ [
B(H.,) —2— B(H).

In other words, for ¢ € N, we have ps(£(C)) = €(ts+(C)) and for f € L>((s,t),B), we have
pse(m(f)) =m(e . (f))-

Proof. Let us fix s and ¢, and denote N7 = Ny, No = Ny, and N3 = N . Define the
notations Hi, He, and Hs and Ky, Ko, K3 similarly.

For the first property, choose ¢ € N, and we will show that ps;(¢(¢)) and ¢(5+(¢)) act the
same on simple tensors (1 ® - -+ ® ¢, (by convention, when n = 0, we interpret this expression
as £). By linearity, it suffices to consider the case where each (j is either in /\/’0)8, Ns,t7 or /\/'t)oo.
Clearly,

st NGORG] =C(RQ® @ (n,
where ¢5,(¢) is identified with ¢ on the right hand side. On the other hand, to understand
the action of p,:(€(C)), we write the simple tensor (; ® --- ® (, in terms of the free product
decomposition as
(Cl®"'®<n1)®"'®(<nk_1+1®"'®cnk)7
where 0 =ng <mni <--- <ng=n,theterms (,,_, 41, ..., Gy, all come from the same subspace
N, with i1 # i;. Note that ¢, 41 ® - ® ¢, € K;;. Now if i1 # 2, then we have
Pt (LN @ @Gy ) @+ @ (Grumy 41 ® -+ ® ()]
:é(C)g(X) (Cl Q- ®Cn1) Q- (C’ﬂk—1+1 @ ®<nk)
:C®(C1®”'®Cn1)®"'®(an71+1®"'®<nk)

as desired. On the other hand, if i; = 2, then we have

Pt (L ® -+ @ Cny) @+ @ (G 41 @+ D ()]
:(<®<1®..'®<n1)®..'®(<7lk—1+1®“'®cnk)

as desired.
For the second property, let us again compare the action of p,¢(m(f)) and m(c, ,(f)) on a
simple tensor (1, ..., ¢, and let n; and 7; be as above. In the case where i; # 2, then we have

f¢ =0 and hence
m( (G @ ®G]=0
while
Ps,t(m(f))[(ﬁ PR Cnl) Q- (anfﬁ—l PR <nk)]
:m(f)§®(Cl®"'®Cn1)®"'®(<nk71+l®"'®an) =0.
On the other hand, if ¢; = 2, then we have

m(eg (NG @ @] =0 @O ® (n,

while

ps,t(m(f))[(C1 @ ®Cn1) ®-® (an—1+1 - an)]
=m(f)[G O @] ® @ (41 @ - R Gy
=(fOL O ®Cu) @ ® Gy +1 @+ @ ()
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Proof of Proposition[7.3.4 First, we claim that the process Y; has freely independent incre-
ments. To see this, note that by the previous lemma, we have

Vi =pst(01®1) + (1@ 1)* + m(X) + (t - 5)a)

and hence for 0 < ¢; < --- < ty, the variables Yy 1,, Y4, 45, - .-, Yin_,,tn are freely independent.

Second, we claim that the increments are stationary, meaning that the law of Y;, only
depends on t —s. To see this, note that L?((s,t)) is isomorphic to L?((0,¢—s)) by a translation.
This leads to an isomorphism of H,; = Ho+—s which respects the creation, annihilation, and
multiplication operators. Hence, Y, ; has the same law as Yp ¢—s.

Third, we claim that the law u; of Y; forms a free convolution semigroup. Indeed, ps1; =
s B g because Yy = Vs + Yy o4y, where Y o4y ~ Yy, Also, the mean p,(X) = ta which is
clearly continuous.

Finally, we claim that G, , is the infinitesimal generator of this semigroup. We proved in
the last section that an infinitesimal generator G, exists and that

d

— F,,.

dtli=0" "

Thus, to show that G4, = G o, it suffices to show that the time-derivative of F,, at t = 0 is
—Ggq. Let us use the abbreviated notation £; = £(x(,;) ® 1) and m; = m(x(0,+) ® X), and note
that ||€;|| < t'/2||o(1)|| and ||m;| < rad(c). Now for Im z > ¢, we have from the Taylor-Taylor
expansion of inv that

*Ga/,a/ -

(Z —m; — ‘gt — g: — t(l)71 = (Z — mt)71 + (Z — mt)fl(& +£: + ta)(z — mt)71
+(z—m) G+ ) (z —m) TNl + ) (2 —my) T 4+ O(8Y?),

where the equality holds for sufficiently small ¢ since ||¢; + £;| = O(t'/?) and ||ta|| = O(t). In
order to compute (&, (z — Y;)71¢), we first observe that because m¢| ¢ = 0,

(z—my) te=2"l =671,
hence
(€ (z—my) 1) =271
For the next term, we have
&, (z— mt)_l(ét + 0 +ta)(z — mt)_1§> = (&, z_l(ﬁt + 07 + ta)z_1§> =t -z taz"t.
Finally,
(& GE—m) 4+ 0)(z —my) (4 07) (2 —my) 1E)

= (b + )z —my) 7 (2 —my) (G + £7)27 1)

=L+ )8 (z—my) M+ £)E2)
2THOE (2 —my) T8 2!

=21 @ Dx0.4: (2 — X0 @ X) 1@ D) x0.0) 2@, M2
=t-z7'o((z— X))zt

Altogether,
Gru(2) = (€, (5= Y0 1) == bz laz et 2 lo((2 — X) )2t 4 0L(89/2)
=2 b2 G (2) 27 O (t32).
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Hence, again using the Taylor-Taylor expansion of inv,
F#t, (Z) =z—= tGU,‘l(Z) + Oe(t3/2)7

so that the derivative of F),, at t = 0 is —Gy,, as desired. O

The Boolean Case

Let N'= L*(R,, M) as above, and let H be the Boolean Fock space generated by A/, that is,
H=A{ON.

As in we define for ¢ € N the creation operator £(¢) by

()€ = ¢L(Q)v = 0.
Then ¢(¢) € B(H) with ||£(Q)] < ||¢|la and £(¢)* given by the annihilation operator

((¢)*¢=0
0(Q)"¢ = (¢, )¢

Furthermore, given the left action of L*°(R,,B) on N, we can define a left multiplication
operator m(f) for f € L>°(Ry,B) by

m(f)§ =0
m(f)¢ = fC for (€ N.

This action is bounded with ||[m(f)|| < || f]|. We aim to prove the following.

Proposition 7.3.7. Let a € A be self-adjoint, let o be an A-valued generalized law, and let H
be the Boolean Fock space over N' = L?*(R}) @ (A(X) ®, A) described above. Let P € B(H)
denote the projection onto AE. Fort > 0, define

Vi =L((L®@ 1)x(0,) + (A @ )x(0,)" + m(Xx(0,1)) + taP.

Then Yy is a process with Boolean independent and stationary increments, and the laws py of
Y: form a free convolution semigroup with infinitesimal generator G, q.

The outline of the proof is the same as in the free case, and the individual steps are easier,
so we will leave some details to the reader. For s < ¢, we denote

Yir =Y = Ys = (1@ 1)X(s,0)) + (1@ 1)X(5,0)" +m(XX(5,1)) + (E— 5)aP.

We next express H as a Boolean product space in order to show that Yp¢,, ..., Yiy |+, are
Boolean independent for tg < -+ < tg.

For 0 < s < t < +00, we will denote by N ; the space L?((s,t)) ® M. This space is a left
module over L>=((s,t)) ® A(X). We also denote Hs: = AE BN 1, where £ is an A-central unit
vector.

Lemma 7.3.8. Let 0 <t; < --- <tn. Then (H,&) is the Boolean product Hilbert bimodule of
(Ho,t1,6)s -+ s Hin_1,tn:6), (Hin,00,§). Moreover, the inclusion B(Hy,_, +,) — B(H) is given
by a map py;_, +;, which depends only upon the pair (t;_1,t;), not upon N or the othert;’s.
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Proof. Given 0 < t; < --- < ty, we have
N :N07t1 @-/\/’2517t2 SPRRE G9'/\[lfN—1ﬂfN @MN,OO'

From this, it is is immediate that (#,&) is the Boolean product space of (H;;_,+,,€) for j =1
to N + 1, where we denote tg = 0 and ty11 = +00.

Let pst : B(Hs,t) — B(H) be the inclusion given by viewing H as the Boolean product of
(Hos,€)s (Hst,8), and (Hi,400,&). Explicitly, ps¢(z) is given by viewing H = Hs 1+ & Nos D
Ni oo and setting

pst(@)|r,, =2, psp(@)lye, =0.

It straightforward to check that inclusion map B(H:, ,:,) — B(H) for a given choice of
0 <t; <--- <ty agrees with the map Pt;_1t; defined above. O

Lemma 7.3.9. Let 0 < s <t < +oo. Let pst : B(Hsi) — B(H) be the inclusion given by
the Boolean product construction. Then for ¢ € Nyy, we have ps(£(C)) = £(ts:(¢)) and for
[ € L>=((s,t),B), we have ps(m(f)) = m(es ,(f)). Also, if Psy € B(Hsy) is the projection
onto A&, then we have ps (Ps4) = P.

The verification is straightforward, especially after knowing the free case, so we leave it to
the reader.

Proof of Proposition[7.3.7F Ro show that Y; has Boolean independent increments, observe that
Yor=pst((1®1)+0(1@1)" +m(X) + (t — 5)Ps1a)

and hence for 0 < ¢; < --- < ty, the variables Yy +,, Yi, 45, .-, Yin_,,ty are Boolean indepen-
dent.

To show that the increments are stationary, one proceeds as in the free case by arguing
that time-translation produces an isomorphism Hs; = Ho:—s which respects the creation,
annihilation, and multiplication operators. From this, one concludes that the law p; of Y;
produces a Boolean convolution semigroup.

To show that the infinitesimal generator of this semigroup equals G, q, it suffices to show
that %\t:oFm = —Gy,q. We have for Imz > € that

(Z — my — Kt — EI — ta)_l = (Z — mt)_l + (Z — mt)_l(ét +fr + taP)(z — mt)_l
+(z—m) 4 ) (2 —m) T Ul 4 ) (2 —my) T+ O(£P?).

Arguing just as in the free case, we obtain
<£a (Z - Y;f)_l€> = <§7 (Z —m — Kt - f: - ta)_1€> = Z_l +t- Z_lGU,a(Z)Z_l + Os(t3/2)a

and hence
Fu(z)=2—1Gsq(z) + Oe(t3/2),

which completes the proof. O
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The Monotone Case
Let C := C([0, +00], A) C L>®(R4,.A). We define a sesquilinear form I : N x ' — C by

+oo
1090 = [ 66 ds = (Xl
t
The verification that I(f, g) is in C([0,400],.A) is straightforward, and we also remark that

I(f, Pl @y ) = I1F1

Now we define
N=NeC

as the completion of the algebraic tensor product with respect to the pre-inner product given
on simple tensors by

(f@o,g0¢) =" I(f,9)¢.
Positivity of this pre-inner product follows from a similar argument as we used for tensor
products of Hilbert bimodules in §I.3] and for the operator-valued GNS construction in §I.4}
Moreover, N is a Hilbert L> (R, B)-C-bimodule.

We can define a map N — N by f — f® 1. Although the two spaces are right Hilbert

modules over different algebras, this map is isometric (and hence an embedding of Banach

spaces) because [|I(f, )|l L, .4 = | fI3-
We define the monotone Fock space generated by N as

H=Ad PN Lz, ) @ NN

n>1

n—1
For ¢ € N, we define the creation operator £(¢) by
Qs =¢
4(@)[51@’@@71@%] = (C®1)®€?1®®2n71®4n],

where Ej € N. One can check that [|[£(¢)|| < ||¢|lx and that the adjoint is given by the
annthilation operator

0(¢)"¢=0
Q)G = (¢, Ci)né
U G ® @1 ®Ca) = ((® 1761>/\762 ® - ® Gt ® Co.

Moreover, for f € L (R4, B), we define the multiplication operator m(f) to act by zero on A&
and by left multiplication of the first coordinate by f on each of the tensor powers which make
up H. One can check that ||[m(f)|| < |/ f]|. We aim to prove the following.

Proposition 7.3.10. Let o be an A-valued generalized law, let a be a self-adjoint element of
A. Let H be as above. Let x(s4) be the indicator function of (s,t), let ¢s () = f;o Xs.t, let
P € B(H) be the projection onto AL, and let

Qs,t = (t - S)P + m((bs,t)-
Let Y, € B(H) be given by
Ve = (1@ 1)x(0,)) + (L@ )x(0,)) +m(Xx(0,0)) + aToe

Then Y; is a process with monotone independent and stationary increments. The laws u; of Y;
form a monotone convolution semigroup with infinitesimal generator Gy q.
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Observe that since x(o,s)+X(s,t) = X(0,¢) a-€., we have ¢g s+¢s ¢ = ¢o,+ and hence Ty s+Qs,t =
Tp,¢. This implies that

Yoi =Y =Y, =L(1® 1)x(0,0) + (1@ 1)x(0,)) + m(Xx(0,0)) + aT0,z-

As before, we show that Yy, ..., Yo+, are monotone independent by expressing H as a
monotone product of subspaces H, ;. There is more to do than in the free and Boolean cases
because of the more complicated structure of H.
We define H, ; in the same way as H except using the interval [s, ¢] rather than [0, +o00]. Ex-
. t
phCItly, let Cs,t = C([S7 t}? A) and deﬁne Is,t : Ns,t XNs,t — Cs,t by Is,t(f, g) (.’ﬂ) = fg; <f(y)a g(y)>/\/l dy
and let

Ms,t = Ns,t ®Is,t, CS»t

Then define H, ; similarly to H except using C,; rather than C. The space H;: has similarly
defined creation, annihilation, and multiplication operators.

Note that there is an inclusion €, ¢ : Cs+ — C given by extending a function to be constant
on [0, s] and on [t,+00]. Together with the inclusion ¢, : Ny — N, this defines an isometric
injection

z\sﬂg 5./(\/57,5 *)./C/

~ ~

The image 75+(Ns4) is a left L°(R,B) module. Moreover, 75 ¢(Ns;) is a right e5:(Cs)
submodule of A/ and the inclusion Tst is an L((s, t), B)-Cs ¢-bimodule map, where L>((s, ), B)
is viewed as a subspace of L>(R,, B) using the map ¢{ ,.

Henceforth, we will identify /Vs,t as a subspace of N. We also denote by ﬁs,tC the closed
right C-submodule which it generates. Now given 0 = tg < t; < -+ < ty < tyy1 = +00,
the subspaces -/th_l,t]» are orthogonal in N because I(f,g) = 0if f and g in L?>(R,, M) have
disjoint support. Moreover, because the spaces /\/'tj,l,t]- span A, we have

N+1
N == @ ./\/tjfl,tjC.
j=1

Proceeding as in the free case, we will use this direct sum decomposition and the distributive
property of tensor products to expand H into a monotone product space. This computation
relies on the following lemma.

Lemma 7.3.11. Let s <t < s <t'. Then

./\A/'&tC Rc J\Afs/7th =0

~

N, iC @c Ny v =0,
-/Vs',tfc ®c /\Afs,tc >~ Ny v @a /\Afs,tc
/\Afs'7t'c ®c Ny v 2Ny @4 Nt
-/\75,750 ®c /\Afs,tc = -/(\/'37:‘, ®c, . Ns,tc
/\Afs,tc ®c N, = /\Afs7t ®c, , Not,
where the isomorphisms in the last four lines are given by the natural map defined explicitly

below. In the fifth and sizth lines, the left action of Cs; on /\737,5 is defined by viewing Cs; C
L>((s,t),B) or equivalently Cs; C L (Ry, B) by extension by zero.
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Proof. Consider the first claim. Recalling the definition of /\A/S,t, we rewrite the tensor product
as

(Nst ®r1,., Cst)C ®c (Nyr v ®r1,, Corr)C.

Consider a simple tensor (f1 ® ¢1)c) ® (f2 ® c2)ch. The inner product of this element with itself
is given by

Jt!

(ch)*csle v (f2, ()i Ls(f1, f1)01€/1f2)620/2 = (cacy) Lo v ((010/1)]”2, Lo (f1, f1) (Clcll)fz) (cach).

Now I +(f1, f1) is identically zero on [t, +00), while fo is supported in [s',¢'] C [¢, +00). There-
fore, I +(f1, f1)(c1c)) f2 = 0. This shows that the simple tensors are zero and hence the whole

space J\75,tc ®¢ N /C is zero. The proof of the second claim is similar.
For the third claim, we want to define a map

w Zst,t/ XA ﬁs,tc — ./Vs/,t/c Rc J\A/'S,tC

by
f®age— (f®1)®cgc,

where f € N4, g € J\Af5/7t1, and ¢ € C. Consider two such elements f; ® gic; and fo ® gocs.
Then

(f1 ®a g1c1, fo ®a g2c2) = c1{g1, (f1, f2>/\/’.e,t92>_/\75,¢,c;7

while on the other hand the inner product between their desired images under w is given by
(f1®1) ®c gic1, (f2 ® 1) @c gac2) = 191, I(f1, f2)92) 7, , 2

But since f; and fo are support in [s,t], the function I(f, f2) is constant on (0, s) and equal
to (f1, f2)a,, € A. The functions g; and gy are supported in [0, s] and hence we can replace
I(f1, f2) by (f1, fe)n, .. Thus, the two inner products are the same. This shows that the map
w is well-defined and isometric.

It is also clearly an L>°(R ., B)-C-bimodule map. It only remains to show that w is surjective.
For this purpose, it suffices to show that the image contains simple tensors (f ® ¢) ®¢ gc¢’ for
feNgpy,c,d eCandge ./\A/'S7t. But

(f®c)@cgd =(f@1)®c cgd’ =w(f @4 (cg)c).

The proof of the fourth claim is similar.
For the fifth claim, we want to define a map

w: As,t ®CS_¢ va,tc — -/vs,tc Q¢ Ns,tc

by
f ®Cs,t, gc— (f ® 1) Q¢ gc.

To show that this map is well-defined and isometric, we verify that it preserves the inner
product for pairs of simple tensors f1 ®¢, , gic1 and f2 ®c, , gac2. The key point is that when
we compute the inner product (fi, f2) M. € C is multiplied by g2, which is supported in [s, t].
Thus, the values of {f1, f2) &, , outside [s,t] do not affect the inner product, so the answer is
the same whether we view (f1, f2) 7 , as an element of C which is constant on [0, s] and [¢, +o0]

or as an element of C; ; C L*((s,1),.A) which is then extended to be zero on [0, s) and (¢, +c0].
The proof of surjectivity of w is the same as in the previous case, and the proof of the sixth
claim is similar. O
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Lemma 7.3.12. Let 0 =ty <t < -+ <ty < tny1 = +00. The space (H,E) is the monotone
product Hilbert bimodule of the spaces (H¢;_, t,,&) forj =1, ..., N+1. Moreover, the inclusion
B(Ht,_,.t;) — B(H) only depends on t;_y and t;.

Proof. As a short-hand, let us denote H; = H;,_, ;, and define similarly the notations N; and
N, and C;j. We substitute the direct sum decompositions

R N+1 N+1
N=@BnrNc ~N=PN
j=1 j=1

into the definition of H and obtain

H=Ato P NiCoc @cN;_, N

..... Jn€[N+1]

n*

n>1j;

Now we apply Lemmal|7.3.11|to simplify the tensor product. If any of the above terms has indices
Jk < Jr+1, then it becomes zero. The remaining terms have weakly decreasing sequences of
indices. AIf gk > jk+1/\, then we can replace Nj, ®c with NV, ® 4. If ji, = jr+1, then we can
replace NV, ®c with N, ®c,. Therefore, we have

~ ~®c; (L1—1) ®c;  (Um—1)
n>l ji1>->jm
G+l =n
where we have grouped the terms with the same indices together. Now we denote
K; = @/\A/;(&Cj(zil) ®c; Nj,
£>1
so that H; = AE @ IC;. After rearrangement, we have
Hodeo @ D Kook,

m2>1j1>>jm

which is the monotone product space of the H;’s.
For the second claim, let p,; be the inclusion B(#;:) — B(H) given by the decomposition

of H as the monotone product of Ho s, Hst, and H¢ yoo. Then for tg, ..., tyy1 as above
the inclusion B(H,_, ;) — B(H) is given by p;, , ;. This is verified by a straightforward
associativity argument similar to the free case. O

Lemma 7.3.13. Let 0 < s <t < +oo. Let ps; : B(Hs) = B(H) be the inclusion given by
the monotone product construction. Then for ¢ € N, we have ps(£(C)) = £(ts,:(C)) and for

fe L=((s,1), B), we have ps 1(m(f)) = m(r ,(f))-

Proof. The verification is straightforward casework which combines the type of reasoning used
in the free case with Lemma[7.3.11] For instance, suppose that we apply ps+(£(¢)) or £(1s:(¢))
to a simple tensor (i ®- - - ® Cn_1 @ (p Where ZJ € N and ¢, € N. Using the decomposition of \”
into M7 = Nps and No = N and N3 = Ny 1o, we may assume that each Zk belongs to /\Afjk
By Lemma the indices j; must be decreasing, and the position of 21 R ® anl ®(p in
the monotone product decomposition can be seen by grouping the terms with the same index
together.
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If ¢ is from A3, then £(15,4(C)) acts by zero because (( ® 1) ® (i = 0 by Lemma
Meanwhile, ps(¢(¢)) also acts by zero because G ® ® Cnot @ lies in a term of the form
K3 ®4 ... in the monotone product space and the index 3 is greater than the index 2 of the
space Ho = Hs .

On the other hand, if 61 is from J\Afg or N, 1, then we apply similar reasoning as in the free
case to show that p, (¢(¢)) and £(1s,.(¢)) agree on (1 ® -+ @ (1 & (-

The details of the remaining cases are left to the reader. O

Lemma 7.3.14. Let Ps; € B(Hs,:) be the projection on A§. We have Qg = ps((t —s)Ps i+
m(¢s,tl(s,1)))-

Proof. We claim that ps;(Ps:) = P + m(x(,s)). It is straighforward to check that these
operators agree on A£. Next, using the notation Ni, Na, and ./\13 as in the previous proof,
consider the action of these operators on a simple tensor z = (1 ® -+ ® (1 ® (,, where
Zk € /\Afjk and ¢, € N;,. If ny =1or 51 € N1 = Nps, then z is in the direct summand Ko s of
H in the product decomposition, which is contained in (A & ICs ;) ®4 Ko 5. Thus, the action
of ps¢(Ps,t) is defined to be the identity, which is the same as the action of m(x (s ). On the

other hand, if El € Nst or My 4o, then z is in one of the summands
ICs,t7 Ict,om ’Ct,oo @A ICs,t-

In the first case, p,¢(Ps) acts by zero because P |k, , = 0, while in the other two cases it
acts by zero by construction of the monotone product. But the operator m(x(o,s)) also acts by
Z€r0.

Therefore, we have

Pst((t = 8)Pst +m(pst)) = (t — 8)P + (t — s)m(X(0,5)) + M(Pst - X(s,0)) = (t = )P +m(hs 1)
O

Proof of Proposition[7.3.10, Let us denote £,y = £((1 ® 1)x(s,)) and my; = m(Xx(s4). It
follows from the previous lemmas that

Yoo =Lss + €:7t +my 4+ aQs
= gs,t + E;t + Mgt + aQs,t
=pst (L1 ®1) + (1@ 1) +m(X) + a[(t — 8)Psy + m(ds)])-

Therefore, for 0 =ty < --- < ty, the operators Y;, , ;. are monotone independent.

Now time-translation furnishes an isomorphism between /\A/;t and ./\Afoyt_s and between N ;
and Np;—s. Hence, there is an isomorphism H,; = Ho,—s which respects the creation, anni-
hilation, and multiplication operators. It follows that Y;, has the same law as Yj;— . Thus,
Y; has monotone independent and stationary increments, so that the laws p; of Y; for t € Ry
form a monotone convolution semigroup.

To show that the infinitesimal generator of this semigroup is G, 4, it suffices to differentiate
F,, at t = 0 as in the free and Boolean cases. Letting ¢; = {5 ; and m; = mg;, we have Imz > ¢
that

(z=Y) ' =(z—m) (2 —my) TNl 4 4 aTy) (2 —my)
=+ (Z — mt)flﬁz‘(z — mt)flﬁt(z — mt)71 —+ O€(t3/2).
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From this, we compute that
GHt (Z) = <§7 (Z - th)_1§> = Z_l +t- Z_lGa,a(Z)Z_l + Oe(t3/2)v

and hence F),, (2) = 2z — tGy o (2) + O (t3/?) as desired. O

Radius Estimates and Concluding Remarks

We have now completed the proof of the converse direction (3) in Theorem To finish the
proof of the theorem, we must establish the radius estimates (4).

Proof of Theorem[7.1.9 (4). The estimate t|a| < rad(u) is immediate since ta = p(X).

Consider the second estimate, rad(o) < C'rad(u:). For the free case, we showed in Theorem
that R,,, is fully matricial on B(0, (3 —2v/2)/ rad()). Since R, = tGy 4, this shows that
rad(o) < rad(u:)/(3 — 2v/2). For the Boolean case, we have rad(c) < 2rad(u;) by Theorem
For the monotone case, recall that if F,, (2) = 2— Gy, ta(2), then G, o = limy_0t 7' Gy, 1a-
As in the Boolean case, rad(c;) < 2rad(u:). Also, rad(oy) is increasing in ¢. Thus, rad(c) <
2rad(pt).

The third estimate rad(u:) < rad(o) + 24/t||lo(1)|| + t|ja|| follows from the Fock space

construction. Indeed, the law p, is realized by the operator

m(Xx(0,6) + (1 ® 1)x(0,0) + (L@ 1)x(0,)" + ta, free case,
Y = m(Xxo,.n) + (1@ 1)x,) +((1@1)x(04)* +taP,  Boolean case,
m(Xx0,n) + (1@ 1)x0,) + (1 ®1)X(0,))" +aTp,:, monotone case.

We have
(X x0.0) < rad(o),
[ @ Dx )l < A€ Dxpnll = Villo,
and the last term can be estimated by t||a/|. O

There are a few more facts about the Fock space construction that deserve comment. First,
although there is no distinction between monotone and anti-monotone convolution semigroups,
there is a distinction for processes with independent increments. Given a generalized law o
and a self-adjoint constant a, one can construct a process with anti-monotone independent
and stationary increments with G, , as its infinitesimal generator. The construction is almost
identical to the monotone case with the following changes.

1. The operator I is given by

I(.g)(t) = / (F(5), 9()) an ds = (F: Xoton) 90N

rather than the integral from ¢ to +o0.
2. The function ¢, is replaced by fom X(s,t) (y) dy.
3. In Lemma [7.3.11} for the first four statements, the roles of (s,t) and (s',t') are reversed.

4. These changes are carried through the proofs justifying the construction.
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Now if we restrict our attention to a finite time interval [0,7], the monotone and anti-
monotone constructions are related in a natural way through time-reversal. Indeed, the space
HIPmotone can be mapped isomorphically onto Hi 2000 by time reversal, and this respects
the creation and annihilation operators. Under this isomorphism, Y;ﬂonomne corresponds to
Yﬁﬂ?:%‘f‘;omne. More generally, if (Y;)ic[o,r) is a process with monotone independent and sta-
tionary increments, then (Y7 — Y7_¢)ic(0,7] is @ process with anti-monotone independent and
stationary increments.

The difference between the monotone and anti-monotone versions is also reflected in the
two distinct differential equations for monotone convolution semigroups. In the monotone case,
we can derive one of the equations as follows. From time ¢ to time ¢ + €, we observe a change
from Y; to Y1, and hence from p; to p > p.. This leads to a change from F},, to F),, o F},_, so
that

F

Ht+te

(2) = Fiu, (2) = DF,, (2)[Fy. (2) = 2] = € - DF}, (2)[Goa(2)]-

Meanwhile, in the anti-monotone case, we observe a change from p; to p; < pe or from Fj,, to
F, oF,,. Thus,

FHt+e(Z) = Fy, () = (F, —id) o F, (2) € Goa 0 Fp, (2).

We also remark that the “drift term” corresponding to the constant a was handled in
different ways for each type of independence. The operator Y; ; contained the term (¢t — s)a in
the free case, (t — s)aP in the Boolean case, and Qs+ = (t — s)aP: + am(¢s ;) in the (anti-
Jmonotone case. However, there is a unifying point of view. One can modify the construction of
the preceding sections to replace M = A(X) ®, A by M’ = A(X) ®, A® Ah for an A-central
unit vector h. Then considering the vector hy ) € L?(R,, M), we have

(t—s), free case,
L(hXx(s,6)) C(RX(s,t)) = § (t — 5)Pe, Boolean case, (7.3.1)
Qs (anti-)monotone case.

7.4 The Central Limit Theorem Revisited

Brownian Motion

Recall that the semicircle, arcsine, and Bernoulli laws with mean zero and variance n: A — A
were given by the cumulant generating function K,, (2) = n(2) in the free, Boolean, and mono-
tone cases respectively. Thus, vy, forms a convolution semigroup. The infinitesimal generator
is the function n(z~!) which is equal to the Cauchy-Stieltjes transform of the generalized law
op + A(X) = A given by p(X) — n(p(0)).

The Fock space construction in the preceding section defines a process with independent and
stationary increments with the law v4,, which we call an A-valued free/Boolean/monotone/anti-
monotone Brownian motion. We leave it as an exercise for the reader to relate this to the
earlier version of the Fock space construction in §6.2| which realized the semicircle, Bernoulli,
and arcsine laws.

More generally, if we use the function Gy, ., as the infinitesimal generator, we obtain a
convolution semigroup of laws vy, ;o With cumulant generating function n(z71) + a. We call
the law vy ¢q the semicircle/Bernoulli/arcsine law of mean a and variance n and we call the
corresponding process with independent increments an A-valued free/Boolean/monotone/anti-
monotone Brownian motion with drift.



140 CHAPTER 7. CONVOLUTION SEMIGROUPS

Coupling and the Central Limit Theorem

For a convolution semigroup p; with infinitesimal generator G, ,, we realized the p; by an
operator on a Fock space, namely

m(Xx(0,0)) + (1@ 1)x,) + (1@ 1)x(0,))" + ta, free case,
Y= qm(Xx,)) (1@ 1)x0,.)) + (1@ 1)x0,.4))* +taP, Boolean case,
m(Xx(0,6)) + (1@ 1)x0,0) + (1 ®1)x(0,4))* +aTp,:, monotone case.

Let
(1@ 1)x0,n) + (1@ 1)x04)" +ta,  free case,
Zy =1 @ D)x,.n) + (1 @1)x(0,)* +taP, Boolean case,
(1@ 1)x(0,)) + (1 ® 1)x(0,0))" + aTo:, monotone case.

Then we claim that Z; is a Brownian motion with drift, and thus we have formed a “coupling”
between our original process and the Brownian motion.

The claim about Z; is verified with the same arguments we used for Y;. One checks first
that Z, — Z, is contained in ps (B(Hs,t)), so that Z; is a process with independent increments,
and stationarity follows from time translation. Moreover, for Im z > e,

E(z=2Z) ) =2z 4+t 27 o(zh) +a)z7t + O (t3?),

so that the infinitesimal generator of the semigroup of the laws of Z; is precisely G, o, where
n = o|a = Var,,. Thus, the law of Z; is v4;,4,. Intuitively, the law of Z; is obtained by
replacing m(Xx(o,+)) by zero which amounts to replacing o by o,.
Clearly, we have
[1Y: = Ze|| = [m(Xx(0,)) || = rad(o).

And more generally, ||Y;: — Zs+|| < rad(c). Therefore, we have the the following result:

Theorem 7.4.1. For free, Boolean, monotone, and anti-monotone independence, the following
holds. Let p be a convolution semigroup with infinitesimal generator G, . Let n = 0|4 and let
Vin,ta be the semicircle/Bernoulli/arcsine law. Then there exists a non-commutative probability
space (B, E) and operators Yy and Z; in B such that

1. Yy is a process with independent and stationary increments with law pu.
2. Z; is a Brownian motion with drift with Z; ~ vy 4.
3. Letting Y, =Y, =Y, and Zs, = Z, — Zs, we have ||Ys — Zs || < rad(o).

4. Given 0 =ty < t; < --- < ty, the algebras A(Y;
independent.

it Lty t)0 for j =1, ..., N are

J—1>%5

Proof. We let H be the Fock space, B = B(H), and Y; and Z; be as above. Because B¢ = H,
we see that £ = (,-£) gives a faithful representation, so that (B, E) is an A-valued prob-
ability space. We have already explained (1), (2), and (3), and claim (4) follows because
A(Yy, 155 Ze;_y 1,00 is contained in pg, ¢ (B(He;_1t,))- O

J J

As a consequence, we have a version of the central limit theorem which describes the behavior
of u; as t — oco. Since py is the N-fold convolution power of p1, it follows from Theorem
(in the case a = 0) that if A\y = dily—1/2(un) and if f € C3 (A, R) for R > (2+N~?)rad(u,),
then

AN () = v (DI < 1 lls.r;
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where || f||s.r Was a certain norm of A3 f, described in Definition The coupling we have
constructed here allows us to prove a similar estimate for all real ¢ using the first derivatives

of f.

Corollary 7.4.2. For free, Boolean, or monotone independence, let y; be a convolution semi-
group with mean ta and variance tn, let Ay = dil;—1/2 (), and let v, o be the semicircle/Bernoulli/arcsine
law. Suppose that t > 0 and R > 0 such that

R >t rad(o) + 2¢/[In(D)] + '/l
and that f € C}_ (A, R). Then
[N (f) = vy 20 ()] < £ vad(0)| £ 11,5

In particular,
rad(o) < C'rad(py)

Sup =22 ST A2

Im z>e€

G)\t (Z) — GV

/24

Proof. Let Y; and Z; be as above. Then t~'/2Y; has the law \; and t=1/27, has the law Vp.t1/2q-
Note that ||t~1/2Y;|| and ||t='/2Z;|| < R. Thus, for f € A(X), we have

M) = varrzaD] = | B0 = 1672 20)|
o NGRS A e A
< fllgllE2Y = 71224
< [ fll1,5t™*rad(c).
This proves the first claim for f € A(X) and this inequality extends to the completion

C!.(A,R). The estimate on the Cauchy-Stieltjes transform follows easily as in Proposition
6.0.7! O

7.5 Combinatorial Viewpoint on the Fock Space

In the last section, we defined operators Y; with laws pu;, and gave an analytic argument that
the semigroup p; has G, , as its infinitesimal generator. Now we will give an alternative
combinatorial proof by showing that téma is the cumulant generating function of y;. Although
this argument is redundant at this point, we include it in order to clarify the relationship
between the Hilbert-bimodule perspective and the combinatorial perspective on independence,
as well as to make the connection with

The Free Case

Lemma 7.5.1. Consider the free Fock space on N'= L?(Ry, A(X) ®, A) constructed in §7.5
Let

Ty = 6(0;)" + £(G;) + m(f;) + a; € B(H),

where 0;, ¢; € N, fj € L®°(Ry,B), and aj € A. Let K,, be the free cumulant with respect to
the expectation given by the vacuum vector . Then

a; n=1
K, (Ty,....T,) =4 % )
( ! ) {<el7f2-~-fn1<n>/\/'a n>1
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Proof. Note that 6;, (j, f;, and a; are uniquely determined by 7). For every n and every
Ty, ..., T,, as above, let A,[T1,...,T,] be the expression that we want to show is equal to
K,[T1,...,T,]. Note that the maps ¢ and m are .A-A-bimodule maps and hence the operators
20)* +£(¢) +m(f) +a are an A-A-bimodule. Moreover, A,, is multilinear, and in fact .A-quasi-
multilinear, in the 7}’s. Thus, for a non-crossing partition 7, we can define A, the composition
of the \,’s according to the partition w. Because the cumulants are uniquely determined by
the moment-cumulant formula, to prove our claim it suffices to show that

(ET .. T8y = > Ar(Th,....Tp).
TeNC(n)

To evaluate (¢,Th...T,&), we substitute T; = £(0;)* + £(¢;) + m(f;) + a; and expand by
multilinearity. The terms thus consist of strings of creation, annihilation and multiplication
operators. As in the proof of Proposition we will enumerate some of these terms using
planar partitions and show that the other terms do not contribute to the expectation.

For each m € NC(n), we define a string of creation, annihilation, and multiplication op-
erators as follows. For each singleton block {j} of m, we write a; in the jth position of the
string. For each block {j1,...,jx} with k > 1, we write £(0;,)* in the j; position, ¢(;,) in the
Jji position, and m(f;,) in the j; position for 1 < ¢ < k. This string is one of the terms in the
product.

We claim that all other terms in the product have zero expectation. Because the creation
operators map N®4" into N®4(+1) and the annihilation operators do the reverse and also
kill &, the creation and annihilation operators must be paired together in a planar way with
an £* on the left side and an ¢ on the right side of each pairing, or else the string will have
expectation zero, as in the proof of Proposition Let 7 be the planar partition in which
these pairs form blocks, and the other elements of [n] are singleton blocks.

Next, note that every multiplication operator m( f;) must be “inside” some creation-annihilation
pair; otherwise, the multiplication operator would be applied to a vector in A& which would
yield zero. We can form a partition 7 by joining each index j of a multiplication operator m(f;)
to the pair 7 immediately outside it (that is, the greatest block V of 7 such that {j} > V).
Then each block of 7 consists of a creation-annihilation pair together with all the multiplication
operators which are immediately inside it or else is a single block corresponding to an element
a;. Thus, our string was produced by a partition 7.

To complete the proof, one shows by induction on |7| that the expectation of the cor-
responding string is A, (T,...,T,). Indeed, every partition = must have an interval block
V ={j,...,k}. If V is a singleton block, then it corresponds to a; € A and we can remove j
from 7 and multiply 741 by a; on the left. If [V| > 1, then observe that

0;) m(fi1) . m(fro—1)l(C) = (05, fir1--- fu—1Cr) € A,

and reduce to 7\ V. O

Lemma 7.5.2. For a measurable Q C Ry, let Tq be set of operators of the form T = £(0)* +

(¢) + m(f) + a, where 0, ¢, and f are supported in Q. If Qq, ..., Qn are disjoint and
measurable, then the unital A-algebras generated by Tq,, ..., Tay are freely independent.
Proof. By Lemma the mixed cumulants between Tq,, ..., Tq, vanish. Therefore, by

Remark [5.4.7] the algebras they generate are freely independent. O
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Lemma 7.5.3. Let Yo ; = (1@ 1)x(s,0))" FL((1@1)x(s)) +M(Xx(s,0)) + (t = 5)a as in .
Then the free cumulants of Y5+ are given by

(t — s)a, n=1
Cumy, (Y seeesUnot] =
umn (¥o.)lar @n-1] {(t—s)a(alXag...Xanl), n> 1.

Moreover, if 0 =ty < --- < ty, then the operators Y;,_, ;. are freely independent over A.

Proof. The first claim about the cumulants of Y} ; follows directly from Lemma [7.5.1] We see
that the operators Y3, _, ;. are freely independent by taking Q; = (¢;_1,%;) in Lemma O

The Boolean Case

Lemma 7.5.4. Consider the Boolean Fock space on N' = L*(Ry, A(X) ®, A) constructed in

7.3 Let
T; = £(0;)" +£(¢;) +m(f;) +a; P € B(H),

where 05, (; € N, f; € L*(Ry,B), a; € A, and P is the projection onto A{. Let K, be the
Boolean cumulant with respect to the expectation given by the vacuum vector £. Then

K(T T)_ a;, n:l,
n\tly---54dn <91;f2-..fn—1<n>/v’ n>1

Proof. Note that 6;, (;, f;, and a; are uniquely determined by T}. For every n and every
Ty, ..., T, as above, let A,(T1,...,T;,) be the expression that we want to show is equal to
K,(Ty,...,T,). Note that A, is A-quasi-multilinear. For an interval partition 7, let A; be the
product of A,’s according to 7. To prove our claim it suffices to show that

(T . Tod) = Y A(Ty,...,Tn).

w€ZL(n)

To evaluate (£, 7T ...T,&), we substitute T; = £(0;)* + £(¢;) + m(f;) + a; and expand by
multilinearity. The terms thus consist of strings of creation, annihilation and multiplication
operators. For each partition © € Z(n), we associate a string of creation, annihilation, and
multiplication operators exactly as in the free case. To wit, for each singleton block {j} of 7,
we write a; in the jth position of the string. For each block {j,...,k} with k£ > j, we write
£(0;)* in the j position, £({;) in the k position, and m(f;) in the ¢ position for j < ¢ < k. The
expectation of this string is precisely A, (7171, ...,T,).

Meanwhile, we claim that the other terms in the product have zero expectation. We have
(0)*[a€&] = 0 as well as £(Q)m(f)€(0) = 0 and Pm(f)¢(¢) = 0. This implies that a creation
operator must be applied before we can apply an annihilation operator, or else the string will
be zero. We must also apply an annihilation operator between any two creation operators and
vice versa. Thus, the creation and annihilation operators must alternate with the rightmost
being a creation operator and the leftmost being an annihilation operator. Let us group these
operators in creation-annihilation pairs (with the creation operator on the right of each pair
and no other creation or annihilation operator intervening).

Since Pm(f)¢(¢) = 0, there cannot be any occurrences of a; P between a creation-annihilation
pair, or else the string will have expectation zero. On the other hand, every multiplication oper-
ator m(f;) must occur between a creation-annihilation pair since otherwise it would be applied
to a vector in A&. Therefore, the only terms that contribute to the expectation are those that
arise from interval partitions. O
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The next two lemmas follow immediately by the same argument as in the free case.

Lemma 7.5.5. For a measurable Q C Ry, let Tq be set of operators of the form T = £(0)* +
(¢) + m(f) + a, where 0, ¢, and f are supported in Q. If Qq, ..., Qn are disjoint and
measurable, then the unital A-algebras generated by Ta,, ..., Tay are Boolean independent.

Lemma 7.5.6. Let Y = (1@ 1)x(s,0))" +((1@1)X(s,0)) +M(XX(s,0)) + (t = 5)a as in .
Then the Boolean cumulants of Y, are given by

(t — s)a, n=1
Cumy, (Y yoees 1] =
umn () o an-1] {(ts)cr(alXag...Xan_l), n> 1.

Moreover, if 0 =ty < --- < tyn, then the operators Yi,_1.t; are Boolean independent over A.

The Monotone Case

Consider the monotone Fock space on N'= L?(R, A(X) ®, A) constructed in and recall
that C = C([0,+oc], A) and N is N equipped with the C-valued inner product (f,g)(t) =

S (5),9(9)) agxya ds.
Although the monotone cumulants are not as well-behaved, there is still a good combina-
torial description for the moments of operators of the form

T =£(0)" + £(Q) + m(f) + 6(0)P + m(¢) € B(H),

where 0, ( € N, f € L>(R4, B), and

o) = [ T (s) ds

for some ¢ € L*(R4,.A). Note that this includes the operators Y;; representing our process
with independent and stationary increments.

In this case, the tuple (0,¢, f,) is not uniquely determined by T because the possible
values for the terms m(f) and m(¢) overlap. For the sake of the computation for Y, it will
be convenient to keep track of the tuple 7 = (0, ¢, f,%). If T is the space of such tuples, then
T is an A-A-bimodule with the action given by

a1Tas = (a36ai, a1Cas, ay fas, azpas),

and the map 7 — T is an A-A-bimodule map.
We define an A-quasi-multilinear form T',, : 7" — L*(R, A) by

wl(t)a n=1

Frlrs-oml®) = {<al<t>,f2<t> e Fa DGO ae,a 122

The right hand side is in L'(R,.A) in the first case because ¢; € L'(R, .A) and in the second
case because 01 and fa... f,—1(, are in L*(R7, A).

For 7 € NC(n), define I'z[ry,...,7,] € L'(R7,A) by the recursive relation that if V =
{j+1,...,k} is an interval block of 7, then for ¢t € R™,

Lol (@) = Tl o T T, oo Te) (V) Tha 1, -+ o5 Tol (Elmyv ),
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with the convention that if k& = n, then I'y,_j[741,..., 7] is factored out on the right hand
side. This is well-defined for the same reason that A, is well-defined for any sequence of A-
quasi-multilinear forms. To prove that this is in L' (R, A), one evaluates I'x when 6;, ¢;, f;,
and 1; are simple functions of ¢ and checks that the result is bounded in terms of the L? norms
of 0; and (;, the L™ norms of f;, and the L' norms of ¢;. We leave the details to the reader
since the computation is similar to the proof below, and at any rate, the claims about Y; ; only
use the equality for simple functions.

Lemma 7.5.7. With the setup and notation as above, we have

<£aT1Tn£>: Z / F'fr[Tlv‘HaTn](t)dt'
TENC(n) {teRT it=m}

Proof. We substitute T; = £(6;)* + £((;) +m(f;) + ¢;(0) P +m(¢;) where ¢;(t) = [ 1;(s) ds.
Then we expand (£, 77 ...T,&) by multilinearity, resulting in a sum of terms given by strings
of £(6;)%, £(G;), m(f;), and 6, (0)P + m(g;).

For each partition 7, there is a corresponding term in the sum given as follows: For each
singleton block {j} of 7, the jth letter of the string is ¢;(0)P 4+ m(¢;). If j is the lowest index
of a block V' with |V| > 1, then the jth letter of the string is £(6;)*. If j is the highest index
of a block V' with |V| > 1, then the jth letter of the string is ¢(¢;). Otherwise, the jth letter
is m(f;).

The strings in the expansion of (£,77 ...T,&) which do not correspond to a non-crossing
partition will not contribute to the expectation. The argument is the same as in the free
case. In brief, the structure of the Fock space guarantees that the creation and annihilation
operators must be paired in a planar way or else the expectation will be zero. Moreover, the
multiplication operators m(f;) must occur inside a creation-annihilation pair or else they will
multiply an element of A¢ and thus produce zero.

It remains to evaluate the expectation of each creation-annihilation-multiplication string
given by a non-crossing partition 7. Similar to the proof of Proposition this involves to
evaluating the integral over {t € R : ¢t |= 7} as an iterated integral. We proceed by induction
on |7|, including the base case within the general argument.

Suppose that 7 € NC(n) and choose an interval block V = {j +1,...,k} of 7. Let

v(t) =Ty lrj41, -, 7i)(0)

aw[m%@@

We claim the substring indexed by {j + 1, ..., k} multiplies out to §(0)P + m(d). In the case
|V| = 1, this holds because

¢r(0)P +m(¢x) = 6(0)P + m(do).
On the other hand, if |V| > 1, then
C(0j41) m(fiv2) o m(from1)l(C) = Ozt fiz2 - fo—1Cr) g (0) P + m((Ojq1, fizz - - - fo—1Cr) 57)-

If 7] =1 (hence j = 0 and k = 0), this already completes the proof since the expectation of
the string evaluates to

amzémmhwwmy

Otherwise, there are two cases.
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First, suppose that the block V is outer (that is, minimal with respect to <). Then the
operator 0(0)P 4+ m(d) ends up being applied to a vector in AE. Thus, we can replace it by the
constant 6(0) € A without changing the expectation. Assuming that k < n, then applying the
induction hypothesis to 7, ..., 7j, 6(0)Tk41, ... Ty, the expectation of the string evaluates to

/ Loy 71,y 73 6(0) T, s () d

{ter\V)

:/ / ].—‘.,r\v[Tl,...,Tj,].—“v|[7'j+1,...,Tk]Tk+1,...,Tn](t)d8dt
{t=m\V} Js>0

:/ o, 7a)(t) dt.
{ther)

If k = n, one proceeds similarly by multiplying §(0) on the right of 7,, instead of the left of
Tk+1-

On the other hand, suppose that the block V' is not outer. Then the operator §(0)P + m(J)
is applied to a vector in (A¢)+. Thus, we can replace it by m(5). Let 7 = (0,0,6,0) and let
7' be the partition of [n — |V| 4 1] obtained by replacing the block V by a singleton, and then
joining this singleton block with the block W which is immediately outside of V' in 7 to form
one block W’. Then the expectation of the 7 string for 7, ..., 7, is the same as the expectation
of the 7’ string for 71, ..., 7, 7, Tht1, ..., Tn. Indeed, in the string for 7/, the jth element is
the multiplication operator m(d) from 7 since this element is one of the elements in the middle
of the block W’. So by the induction hypothesis, the expectation is

/ ]-—‘rr’[’rlw~'aTj7T7Tk+1a'~-aTn](t)dt

{tE=n'}

= [ Tl B )0 d
{tEm\V}

:/ / Fﬂ.\V[Tl,...,Tj,rk_j[Tj_H,...,Tk}(S)Tk_;,_l,...,Tn}(t)dsdt
{t=m\V} Js>tw

:/ Tolr,. .. ml(t) dt,
{tem)

which completes the proof. O
Lemma 7.5.8. Fiz s <t and let T, be the collection of operators of the form

T =000 X)) +LC X(s,p)) Tm(f - Xs,t) +aQs ¢

where 0, € A(X)®, A, f €B,a€c A, and Qs is given as in Proposition|7.53.10 Let Ty, ...,
T, be operators in T, given by 0;, ¢;, fj, and a;. Then their monotone cumulants are given
by
t— =1
KolTh,... Ty = 4t e "
(t*5)<91af2--~fn—1<>.A<X)®UAa n > 1.

Proof. Since s and t are fixed, the tuple (6}, (;, f;, a;) is uniquely determined by T in this case.
Thus, we may safely define A,[T1,...,T,] to be the right hand side of the identity we want
to prove. Note that if ¢ (x) = f;o X(s,t)(y) dy, then Qs = ¢ +(0)P + m(¢s ). Applying the
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previous lemma to the tuples 7; = (0;x(s,1), (G X(s,6) [1X(s,t)s X(s,t)), We have

/ Lalr, ..., m](u) du
rENC(n) {u€eRT :uf=m}

Z rYﬂATr[Tla"'aTn]v
TeENC(n)

&, T1...T,8)

where v, = [{u € [0,1]7 : u |= 7}|, because Tx[11, ..., 7n] is (t — )~ I"AL [Ty, ..., T,] times the
indicator function of {u € (s,¢)™ : u = 7}. From the moment-cumulant relations, it follows
that Kn[Tl,,Tn]:An[Tl,,Tn] O

Lemma 7.5.9. Let 0 = tg < t; < --- < ty. The non-unital A-algebras generated by 7;1._1%.
are monotone independent.

Proof. Consider a string of operators T4, ..., T, where T} € T;.

]k—l,tjk

is given by the tuple

Tk = (ekthk,l,tjk ) Ckxtjk—l,tjk 9 katjk,l,tjk ) thk,*l’t]‘k )'

We will argue that the expectation of Tj ... T} agrees with the expectation of the corresponding
string in the monotone product of the algebras, which is given by Lemma Let V; be
the set of indices k such that ji = j and let o be the (not necessarily non-crossing) partition

{V1,...,Vn}. By applying Lemmas to 71, ..., T,, we obtain

<§7T1Tk€> = Z / FTF[Tl7"'7Tn](t) dt.
TENC(n) {teRytfm}

Now I'z[71,...,7,](t) is supported on the set of ¢ values where for each index k in a block W,
the coordinate ¢ty is in (t;,—1,t;, ). In particular, I'; vanishes unless each block W is contained
in a single Vj, or in other words m < 0. Thus, 7|y, is defined for each j. Now if W is a block
of m|y;, then by [7.5.8

F‘W|[Tk ke W](tw) = X(tj,l,tj)(tW)(tj — tj_l)_1K|W|[Tk ke W]

Thus, by the inductive construction of I'; and K, we have

0 [t —ty—) "™ K, T,

Jj=1

Lrlm, ..., m](t) = |

v, ., .
Xﬁ\vj E(tj—tj_1) Vivj

So overall

N
€T Tu) = > [{te (to, )™ x (tyor tn)™ st = x| [] (4 — tj-1) "™V KR [T,

TENC(n) j=1
= > {te 0™ x (N=1LN)"v it = r}| - Kq[Th,..., Tl.
TENC(n)

By Lemma this agrees with the expectation that this string would have in the situation
of monotone independence. Therefore, the algebras must be monotone independent. O

The last two lemmas immediately show what we want to prove about Y ;.
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Corollary 7.5.10. The operators Ys ; satisify

(t — s)a, n=1

C n Ye geeeyUn—1] =
uma (Yol n-1] {(t—s)a(alXag...Xanl), n > 1.

Moreover, Yy, ¢,, ..., Yen_1,tn are monotone independent for 0 =ty <t; <--- <ty.

7.6 Infinitely Divisible Laws and the Bercovici-Pata Correspondence

In Theorem [7.1.2] we have given a description of convolution semigroups in terms of their
infinitesimal generators. Now we turn to the question of which laws p are included in a convo-
lution semigroup (f¢)t>o-

Definition 7.6.1. An A-valued law y is said to be
e freely infinitely divisible if for infinitely many n there exists 1/, such that u = M?/T;ﬁ
e Boolean infinitely divisible if for infinitely many n there exists ji;,,, such that p = uf/"n;

e monotone infinitely divisible if for infinitely many n there exists p,,, such that u =
>n _ ,<n
Ml/n - 'ul/n

Theorem 7.6.2. Every law is Boolean infinitely divisible. Moreover, for each type of indepen-
dence, for an A-valued law p, the following are equivalent:

1. p is infinitely divisible.

2. The cumulant generating function K, is given by Gma for some generalized law o and
self-adjoint a € A.

3. There exists a convolution semigroup s with p = 1.

Proof. The implication (2) = (3) was already established in Theorem [7.1.2] while the
implication (3) = (1) is immediate.
In the free case, we show that (1) = (2) just as in Proposition Let ni, — +o0

be a sequence of indices such that p = u?ﬁl’;. Since ®,, = nk@l"l/nk is analytic on Imz >

2n;1/2||\/'aru(1)||1/2, we see that ®, extends to be analytic on the upper half-plane and hence
equals G, , for some o and a. Thus, the three statements are equivalent in the free case.

In the Boolean case, we have already seen that B, = G, , for some o and a, and thus (2)
automatically holds. Hence, (3) and (1) also always hold in the Boolean case by the preceding
argument.

It remains to show that (1) = (2) in the monotone case. Let ny — +o00 and p = I -
Now 1By, ,, = Go,a(2) for some generalized law o}, and the constant a = p(X). Moreover,
ok(1) = Var,(1) and rad(oy) is bounded by rad(cg), where B,, = G, o by the same argument
as in Lemma Let Mg+ be the monotone convolution semigroup generated by Gg, . As
in the proof of Proposition we have for Im z > € that

>ng

_ —-3/2
Py (2) = 2= 1 Gy a(2) + Oc(n*?),
—3/2
= F)‘k,l/nk (Z) + Oe(nk / )7
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where the error estimate O, is independent of k since rad(oy) and |lox(1)|| are uniformly
bounded. Now by a telescoping series argument (as in Theorem [6.4.4)), we have

ng
HF# - F)\k,l H = E (F#‘f/(ikl) © Fﬂl/nk - FuT/jnk o F)\k,l/nk) o FA:Y}’;;”
= o

< ng - Oc(ng, ) = Oc(nM?).

Thus, Fy, , — F,,.. By Theorem (4), we have rad (A1) < rad(og)++/l|oo(1)]|+ ||la||, which
is uniformly bounded, and therefore A ; converges in moments to p by Proposition @ This

implies that the monotone cumulants of A; ; converge and hence G, , converges to a function
Go,q. Then G, 4 is the monotone cumulant generating function of y and thus (2) holds. O

We have shown that infinitely divisible laws for each type of independence are in bijection
with pairs (o,a) where o is a generalized law and a is a self-adjoint constant. In particular,
this means that infinitely divisible laws for free, Boolean, and monotone independence are in
bijection with each other. For instance, given a freely infinitely divisible law pigec, there exist
Boolean and monotone infinitely divisible laws ppoolean @nd ftmonotone Such that

Kfree _ Boolean __ Kmonotone

Hfree HBoolean Hmonotone ’

and the same holds if we start with a Boolean or monotone infinitely divisible law. The
map ffree — MBoolean Will be called the free-to-Boolean Bercovici-Pata bijection, and we use
similar terminology for each combination of two types of independence. We refer to these maps
collectively as the Bercovici-Pata correspondence.

For infinitely divisible laws, arbitrary positive real convolution powers are defined, and
moreover the Bercovici-Pata bijections preserves such convolution powers.

Definition 7.6.3. For each type of independence, if p is a infinitely divisible law and ¢ > 0,
then the law with cumulant generating function tK, will be called the t-th convolution power
of v and will be denoted by p® in the free case, u** in the Boolean case, and pu®* = p<* in
the monotone case.

Observation 7.6.4. If [tfree; [Booleans AN [hmonotone are Telated by the Bercovici-Pata corre-

spondence, then so are u}'ﬂée, W reans and pot oo for each t > 0.

The space of infinitely divisible laws and the Bercovici-Pata correspondence have the fol-
lowing topological properties with respect to convergence in moments.

Proposition 7.6.5. Consider the space X of A-valued laws with rad(u) < M with the topology
of convergence in moments. For each type of independence, the infinitely divisible laws are a
closed (hence complete) subspace. Moreover, convergence in moments for the infinitely divisible
laws is equivalent to uniform local convergence of the cumulant generating functions K u on the
upper half-plane, and the set of cumulant generating functions for infinitely divisible p € ¥pr
is complete.

Proof. Suppose that u, is a sequence of infinitely divisible laws that converges in moments to a
law p1. Let K,,, = Gy, 4,. Then rad(o,) < rad(u,) < R. The cumulants of s, converge, which
means that o, is Cauchy in moments, hence converges to a generalized law ¢ by Proposition
Also, a, — a := pu(X). Thus, K, = Gy 4, 0 p is infinitely divisible. Thus, the infinitely
divisible laws are a closed subspace.
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The remaining claims follow from Proposition [3.6.5] Indeed, convergence in moments for
infinitely divisible laws ., is equivalent to convergence in moments of ¢,, and convergence of
ayn, which is equivalent to uniform local convergence of Gy, 4, on H(A). The same holds for
Cauchyness of sequences, and we already know that ¥, is complete, hence so is the space of
infinitely divisible laws. O

Observation 7.6.6. Each of the Bercovici-Pata bijections maps Yy continuously into Sons
for some constant C.

Proof. The proof for each of the bijections is the same, but for concreteness of notation, consider
the free-to-Boolean bijection. Let fifree and ftBoolean have the cumulant generating function G .
Note that

rad(pBootean) < rad(0) 4+ 2/[lo(1)[[ + [|a]

< C'rad(fifree) + 2 V Ptree(X2) + [ tttree (X)) ||
< Cl rad(,ulfree)-

Moreover, convergence in moments for pigee is equivalent to convergence of o and a, which is
equivalent to convergence of LBoolean- O

The following theorem, stated in the spirit of the original paper [BP99, Theorem 1.2], shows
how the Bercovici-Pata correspondence arises purely from the convolution operations.

Theorem 7.6.7. Let A\, be a sequence of A-valued laws and ni — oo. Then the following are
equivalent:

1. rad()\?"’“) 1s bounded and )\fnk converges to a law Afree as k — 0.
2. rad()\f”’“) s bounded and /\f"’“ converges to a law A Boojean aS k — 00.
3. rad(A;™*) is bounded and A;, """ converges to a law Amonotone as k — 0o.

Moreover, in this case, the laws Afree; ABoolcan, 0NMd Amonotone are infinitely divisible (for their
respective types of independence) and are related by the Bercovici-Pata correspondence.

Proof. We will organize the proof into (1) = (2), (2) = (1), 3) = (2), (2) = (3),
and prove the claims about infinite divisibility and the Bercovici-Pata correspondence along
the way.

(1) = (2). Suppose (1) holds. Let uy = /\%”"’ and assume rad(p,) < M. Using Theorem
4.7.2, R, is defined in a neighborhood of 0 and bounded, with estimates that only depend on
M. Hence, so is Ry, = (1/ng)R,, . Since Gy, is the inverse function of (2~ 4 Ry, (2)) "', using
the inverse function theorem (Theorem and Theorem we see that rad(Ag) < M’
where M’ only depends on M.

Let ®y, = Ry, be the Voiculescu transform. We aim to show that ®y, = By, + O(nlzg/z)
on an appropriate domain. Let o3 and ax be given by ngBy, = Goy.a,, 50 that Fy, (z) =
2 — Ny 'Goy ap- Note that rad(oy) < 2rad(Ag) < 2M’. Let Uy, (w) = F/\_kl(w) =w+ Dy, (w).

We showed in the proof of Theorem {.7.2| that if 6 > 24/n; '[|ox(1)], then W) defines a map
Hy 25(A) = Hy 5(A). Now we have

(id —ny 'Gopoap) 0 ¥y = id
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hence for Imw > 26,

< Lol

H\II)\k(w) - ’LUH = ||n];1GUk7ak(\Il)\k (w))H el
k

Hence,

[[@x, (w) =1y ' Gop oy (w)]| = [ W, (w) — w — 1y ' Gy 0 ()]
= HnlzlGUkaak(\IjAk (w)) — nlglGﬂ'kaak(w)H
ok (1)]]
mH‘I’Ak(UJ) — w||

- oI
2n24°

IA

Now we note that ||y (1) < rad(ux)? < M?2. Thus,
(I)#k (Z) =np®y, (Z) = Gc"k,ak (Z) + Oé,M(”;l)v

provided that n,/? > 2M/5 > 2oy (1)]|/2.

We assumed that pr, — Agee and hence R, converges to Ry . in a neighborhood of 0,
hence ®,, — ®,,, . for Imz sufficiently large, by analytic continuation. Since rad(cy) < M’
and ||ag|| < M, we know that G, 4, converges as k — oo to a function G, . Then G, o = @i,
and hence Agee i freely infinitely divisible.

Furthermore, we have G4, o, = n:Bx, = B/\fnk. Now

rad(AY™) < rad(oy,) + 2v/[Jor (D] + [laxl| < 40",

Thus, rad(\?") is bounded as desired. Also, B,wn, converges and hence A\Y™* converges in
9 k 9 Ak g k g

moments to some law Apoolean- NOW
B)\Booloan = GU,a = (I)Afmcv

and hence Apoolean and Afee are related by the Bercovici-Pata correspondence.

(2) = (1). As before, we will write ng By, = Goy.q,- First, we must check that rad()\fn’“)
is bounded. Assume that rad(/\fn’“) < M. Then rad(og) < 2M and ||ag|| < M. Hence, rad(\x)
is bounded by a constant M’. By Theorem Ry, is analytic on B(0, (3 — 2v/2)/M’) and
is bounded by
2||o (1)[| M’

V2 -

By the inverse function theorem, this yields a uniform bound M" on rad()\,iﬂn’“) as k — oo.
Similar to the proof of (1) = (2), we have

1R @ [l = nl| B || < + lla ] = M,

@, (2) = 1P, (2) = Gy (2) + Os,r ().

By our assumption that )\f"’“ converges, Gy, 4, converges to some function G, . Thus, @Amnk
k

converges, which implies that )\fn’“ converges in moments to some law Afee. As before, Afee

and Apoolean_are related by the Bercovici-Pata correspondence since their cumulant generating
function is Gy q.
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(3) = (2). Define (o}, ax) by ng By, = Go, q, and assume that rad(A;™*) < M. Proceed-
ing as in the proof of Theorem for the monotone case, we have rad(oy) < 2rad(A\;™*) <
2M, while o (1) = Var/\:nk. (1) and aj = A} ™" (X) are bounded. Since BAfnk. = Gy, ay, WE SECE
that rad(A.™*) is uniformly bounded.

Let A}, be the law with monotone cumulant generating function given by n;ngk’ak. Note
that rad((\},)®™*) is uniformly bounded by Observation Then for Im z > ¢, we have

Fy(2) =2 - ;' Goy o (2) + Oe,M(ang/z) = I\ (2) + OG,M(TL;B/Q).

By the telescoping series argument, we have
—-1/2
[Foges ()= Fyg (] = Oun)

By assumption, A} "** converges to some Amonotone and hence also (A} )" converges in moments
t0 Amonotone- The monotone cumulant generating function of (A}, )>"* is éak’ak, and thus Gy, q,
converges to some function Gy 4. Then ég,a is the monotone cumulant generating function for
Amonotone and hence Aponotone 18 monotone infinitely divisible.

But we also know that Gy, 4, is the Boolean cumulant generating function of A\;™*, and
hence )\f""‘ converges to some law Apoolean With Boolean cumulant generating function Gy 4,
which is related to Amonotone by the Bercovici-Pata correspondence.

(2) = (3). Define (ox,ax) by niBx, = Goy a, and assume that rad(A\;™*) < M (and
hence rad(oy) < 2M). Now we show that rad(A};"*) is uniformly bounded. Recall that

é/\k (Z) = (Z_l - n;léak,ak(z))—l = Z(l - nlzléak,ak(z)z)_l'

Because o), and aj, are bounded uniformly with estimates depending only on M, there exists R
depending on M such that

J2l £ B = ||Gopan(2)2] < 1.

For such z, we have -
IGx ) < Ml2ll(1 = niH) ™

This implies that G, (z) maps B(0, (1 — n')r) into B(0,r) for » < R. In particular, the
ng-fold composition of G, maps B(0, (1—ng )" R) into B(0, R). Since monotone convolution
corresponds to composition of the transforms G, we see that G AT is fully matricial on B(0, (1—
ny )™ R), so that

rad(A\;™) < (1 —n; ')"™ R

As k — oo, this converges to e/R and hence it is bounded as k — oo.

Let A}, be the law with monotone cumulant generating function n,:lG[,k)ak. We assumed
that /\f"’“ converges t0 ABoolean, hence Gy, 4, converges to a function G,,,. This means that
the monotone cumulants of (\})®™* converge, so that (A},)®™ converges to a law Amonotone-
But we also have rad((\},)”"*) uniformly bounded and

HF()\;C)an (2) — F)\:nk (Z)H = OE,M(n;1/2)

as in the proof of (3) = (2). So )\,f"’“ also converges t0 Amonotone- Lhen Aponotone has
the monotone cumulant generating function G, o = By, . @0d hence Aponotone is infinitely
divisible and related to Apgolean by the Bercovici-Pata correspondence. O
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Remark 7.6.8. The semicircle, Bernoulli, and arcsine laws of variance 7 are related under the
Bercovici-Pata correspondence because the cumulant generating function in each case is 7(z).
This is also must be the case in light of the central limit theorem and Theorem [7.6.7} Indeed, if
A is any law of variance n and ny = k and A\, = dil,—1/2()), then by the central limit theorem
)\Ek , )\L,?k , and )\,fk converge to the semicircle, Bernoulli, and arcsine laws respectively. Thus,
by Theorem the semicircle, Bernoulli, and arcsine laws must be infinitely divisible and
related by the Bercovici-Pata correspondence.
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